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A NEW FORM OF CULTURE ON THE ARCTIC COAST 
By FROELICH RAINEY 
THE AMERICAN MUSEUM OF NATURAL HISTORY 
Communicated January 23, 1941 


The recent discovery (1939-1940) of the ruins of a very large ancient 
settlement at Point Hope on the north coast of Alaska has revealed a new 
form of Arctic coastal cultures which is highly specialized and complex even 
though it must have developed in the Arctic regions before the beginning 
of the Christian era. Its sophisticated character and its wide divergence 
from other prehistoric cultures in northern North America suggest that it 
was introduced from some center of culture advance in eastern Asia. 

The ruins of the settlement at Point Hope, which we have called Ipiutak, 
lie on the northern shore of the Point Hope bar, a long narrow peninsula, 
which is no more than a sandbar reaching out into the Arctic Ocean from 
Cape Thompsen near the mouth of the Kukpuk River. The modern Es- 
kimo village of Tigara is only one mile distant along the south shore of the 
bar at its western extremity which is approximately twenty miles from the 
mainland. A part of the Ipiutak ruins was discovered in the summer of 
1939 by Helge Larsen, Louis Giddings and the writer during a joint ex- 
pedition of The American Museum of Natural History, the Danish National 
Museum and the University of Alaska, but its remarkable extent and the 
adjoining cemetery, which contained some of the finest and most unique 
material, was not discovered until the second season of field research in 
1940.1 Over six hundred house ruins were charted and twenty-three of 
these were excavated during the two seasons’ work. Test pits indicate 
. that there are probably two hundred additional house sites and that still 
others have been destroyed by the sea. The cemetery is of unknown ex- 
tent. We found sixty-three graves in an area approximately three-quar- 
ters of a mile long and one quarter of a mile wide east of the Ipiutak ruins; 
but the graves undoubtedly extend much farther east and south. 

The houses are grouped in five ‘‘avenues’’ nearly one mile in length and in 
short cross blocks at right angles to the axis of the long avenues. Those 
excavated average approximately five meters square. Most of them have 
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a narrow entry way two to four meters long invariably facing toward the 
west. All the houses have a central hearth in which driftwood and seal oil 
were burned in an open fire. The structure of the houses, however, has not 
been determined. Some driftwood logs and poles were used in flooring and 
in the framework of walls and roofs, but the actual walls and roof may have 
been made of sod, skin or moss. Thick deposits of débris on the floors 
indicate that they were permanent dwellings utilized over a period of 
several years at least. No noticeable variation was observed in the ma- 
terial excavated from different houses; none was superimposed over the 
ruins of another; there was no large deposit of midden refuse, although 
some culture refuse was found about most of the houses; and the houses 
were apparently arranged in a particular town plan; hence we believe that 
the great majority of them were actually occupied contemporaneously. If 
this is true then we have evidence of a settlement with a population of per- 
haps three or four thousand persons, several times larger than any known 
Eskimo settlement in the Arctic. 

Many of the graves were remarkably well preserved. These rectangular 
box-like driftwood log tombs contained one, two or three skeletons with 
elaborate grave furniture. The most remarkable burials were those with 
skulls equipped with large spool or cone-shaped ivory eyes with jet pupils, 
ivory mouth covers and in one case ivory nose plugs. But many graves 
contained sophisticated ivory carvings and implements unlike anything 
thus far known in the north. It is clear that the Ipiutak people buried 
their finest possessions with the dead and that in many cases great care was 
taken in the disposal of the dead, as well as in the preparation of bodies for 
burial. 

During the two seasons we excavated approximately 4000 implements 
and fifty complete skeletons. Implements are made from ivory, bone, ant- 
ler, flint and wood, materials used commonly by the Eskimos; but rubbed 
slate implements as well as clay lamps and pots, which are the most com- 
mon objects in all western Eskimo deposits, are lacking. The collections as 
a whole may be summarized as follows: Fourteen types? (217 implements) 
are modified forms of characteristic Eskimo implements appearing in all 
stages of western Eskimo culture; nineteen types (1128 implements) occur 
in some form in Eskimo culture, but, in addition, have a wide distribution 
outside the Eskimo area;* 835 fragments of no significance in a classifica- . 
tion; and 1850 implements which are, for the most part, peculiar to the 
Ipiutak culture. This last group includes 500 arrowheads made from 
caribou antler, the majority of which have extremely delicate flint blades 
set in the sides, others with small flint blades set in the points. There is 
also a large collection of flint implements in a variety of peculiar types and 
of unknown use, which represent a remarkably fine.technique in flint chip- 
ping; long ivory lance heads with inset flint side blades in the style of 
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Maglemosean culture of North Europe; and a collection of approximately 
150 fantastic ivory carvings which are difficult to classify. Some may be 
ornaments, but others are obviously utilitarian. 

The age of this deposit can be determined by correlation with other pre- 
historic sites in Alaska. Fairly extensive excavations in the Bering Straits 
region have made it possible to define at least six stages in the development 
of Eskimo culture along the western Arctic coast during a period believed to 
be equal to the Christian era.‘ The earliest stages, those described as 
Okvik and Old Bering Sea® are characterized by distinctive styles of en- 
graving on ivory objects with geometric patterns This early trait of en- 
graving objects with complex designs disappears in the later stages of west- 
ern coastal Eskimo culture, although the total culture-complex, in its basic 
form, is not materially altered from the earliest known stage to historic 
times. A large number of the Ipiutak implements are also decorated with 
geometric patterns. These show some specific relation to the Okvik and 
Old Bering styles, particularly to the Okvik which is the most ancient style 
hitherto known in western culture. Thus we can be reasonably certain 
that there is some direct culture connection between the earliest known 
stages of Eskimo culture and that found at the Ipiutak site. But unlike 
the early forms of culture previously found in the Bering Straits region, 
that at Ipiutak contains only a small part of the traits characteristic of 
Eskimo culture in general. The divergent character of this culture can be 
summarized in the following manner: In the description of the Okvik cul- 
ture in northern Bering Sea I have illustrated sixty-four significant classes 
of implements, all but two of which can be recognized by their function as 
known from historic Eskimo culture. At least ninety per cent of the sixty- 
four classes occur in some form in each one of the known culture stages suc- 
ceeding the Okvik type, indicating that there is a well defined and homo- 
geneous pattern of culture in the Straits region extending over a period of 
perhaps two millennia from Okvik to modern times. Only twenty-four of 
these sixty-four basic classes have been found at the Ipiutak site. Further- 
more, a large part of the Ipiutak collection consists of unidentifiable imple- 
ments which have no parallel in other culture forms found in the Arctic 
regions or elsewhere. 

These factors of correlation can be interpreted in different ways. Either 
the people of Ipiutak were immigrants who brought a distinctive material 
culture into the Eskimo area, exchanging little with their neighbors, or they 
settled the Arctic coast prior to the advent of the familiar Arctic coast 
Eskimos who borrowed something at least from the earlier people. It is 
also possible that the Ipiutak culture represents a highly specialized local 
development but this seems to be the least probable explanation since so 
many basic elements of Eskimo culture are absent, that is, seal oil lamps, 
pottery, slate tools, sleds and certain types of ice-hunting gear. At pres- 
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ent, I am inclined to believe that the Ipiutak people settled the Arctic 
coast during a remote period and that early stages of Eskimo culture are, 
at least in part, derived from the culture of these early settlers. | 

There are some suggestions of a relation between Ipiutak culture and 
that of the sub-Arctic Eskimos (skulls with artificial eyes have been found 
on Kodiak Island and at Cook Inlet); the Aleutian Islands, and even the 
northwest coast (styles of carving and engraving, particularly the eye de- 
sign, are vaguely similar); but these are not sufficiently numerous or de- 
tailed to be significant. A number of spirally carved objects in the collec- 
tion resemble relief carvings done by the historic Ainu of northern Japan, 
the Goldi and Gilyak of the Amur River region® and relief designs on 
Neolithic pottery from Japan. 

The exceptionally fine flint work of the Ipiutak people more closely re- 
sembles that of Neolithic cultures in northeastern Asia’ than flint work of 
northern North America. Such suggestions of an eastern Asiatic origin 
for the Ipiutak people may be significant when it is remarked that centers 
of culture advance in eastern Asia lie closer to the Arctic coast of Alaska 
than do such centers in America, that Ipiutak implement types are atypical 
of those widely distributed in northern North America and that the 
sophisticated character of the culture implies an origin outside the Ameri- 
can Arctic. The Ipiutak culture probably appears as an unexpected and 
isolated form in Alaska because of the lack of ancient material from north- 
eastern Asia comparable to that on the American side of Bering Straits. 


1 The writer was accompanied by Magnus Marks. Funds were again supplied by the 
American Museum and the University of Alaska. 

2 These include toggle harpoon heads, harpoon foreshafts, harpoon socket pieces, 
snow goggles, salmon spear barbs, side prongs for bird spears, gull snares, blunt bird 
arrows, composite knife handles, flint flaker handles, chain links, mattock blades, boat 
skin stretchers and carved seal figures. 

3 These include whetstones, utilized and retouched flint flakes, end scrapers, certain 
forms of flint scrapers retouched from one surface, paint grinding stones, red ochre, py- 
rites, flint knife blades, needles, spoons, small bone tubes, pendants, caribou leg-bone 
scrapers, rodent tooth tools, awls, wedges, long barbed arrow or spear heads, adze blades 
and heads. 

4 Rainey, Froelich, “Eskimo Prehistory—the Okvik Site on the Punuk Islands,’ 
Anthrop. Papers, Amer. Mus. of Nat. Hist. 38, Part 1 (in press). 

5 Collins, Henry B., Jr., ‘“‘Archaeology of St. Lawrence Island, Alaska,’’ Smith. 
Misc. Coll., 96, No. 1 (1937). 

® Laufer, B., ‘The Decorative Art of the Amur River Tribes,’’ Mem. Amer. Mus. 
Nat. Hist., 7, Pl. II (1902). 

7 Kurile Islands, Schnell, I., “Prehistoric Finds from the Island World of the Far 
East,’”’ The Museum of Far Eastern Antiquities, Bull. No. 4, Stockholm, Pl. XII (1932). 

Baikal Region, Petrie, B. E., ‘““Neolithic Finds on the Shore of Baikal,” Publication du 
Musee D’ Anthropologie et D’'Ethnographie Pierre Le Grand Prés L’ Academie Imperiale 
Des Science, 2 (1916). 
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EFFECTS OF EYE-STALK REMOVAL ON DECAPOD 
CRUSTACEANS 


By L. H. KrermvHoiz* AND EMMA BourguiN 


BIOLOGICAL LABORATORIES OF THE LONG ISLAND BIOLOGICAL ASSOCIATION, COLD SPRING 
HarRBoR, LONG ISLAND, AND THE BIOLOGICAL LABORATORIES, HARVARD UNIVERSITY 


Communicated February 14, 1941 


Physiological effects arising from the removal of the eye-stalks in deca- 
pod crustaceans have been observed by a number of investigators. Such 
diverse processes as color changes (Perkins, 1928), viability (Brown, 1938; 
Brown and Cunningham, 1939; Abramowitz and Abramowitz, 1940) and 
molting (Brown and Cunningham, 1939; Abramowitz and Abramowitz, 
1940; and Smith, 1940) have been thought by some of these authors to be 
influenced or controlled by hormones secreted by the sinus gland within 
the eye-stalk. Results from our own experiments lead us to suggest alter- 
native explanations for the observed effects on viability and molting. 

The fiddler-crab, Uca pugilator, was used in the present study. Ani- 
mals collected in the field were kept in a large tank in the laboratory for 
three days to permit a selection of healthy, uninjured individuals. Crabs 
from 1 to 3 grams in weight were blinded by complete ablation of both 
eye-stalks. Hemorrhage from the wound surface was slight and was soon 
stopped by clotting. The animals were segregated into containers to which 
sea water was added in sufficient amount so that the dorsal surfaces of the 
animals were covered by about 1 cm. of water. The sea water, both for the 
experimental crabs and for the 20 normal individuals used as controls, was 
changed daily. Animals were fed pieces of the clam, Venus mercenaria, in 
an amount more than adequate for their daily needs. One group of eye- 
stalkless animals was starved after the first observed molt to observe the 
effect of inanition on the second molt. Growth records were kept of 
normal and experimental crabs. Wet weights were made twice each week 
by rolling the animals over filter paper to remove excess water and weigh- 
ing to the nearest tenth of a gram. Similar measurements were made on 
newly molted individuals; in many cases the animals were weighed within 
5 minutes after they had finished casting the old skeleton; in those in- 
stances where the crabs had molted during the night or early morning, 
weights were taken within, at most, 8 hours after the completion of the 
molt. ~The weights of the cast skeletons were not used in any of the calcula- 
tions of growth. 

Of 75 crabs initially operated, 11 died within the first two days and were 
listed as operative deaths. This mortality of 14% is about the same as 
that reported by Abramowitz and Abramowitz (1940) and by Brown and 
Cunningham (1939). Smith’s observed operative mortality on crayfish 
was about 2%. ; 
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The growth of Uca after molting is shown in table 1. Only 36 of the 
original 64 experimental crabs were used because of imperfections caused 
by autotomy of appendages. Growth in this crab is discontinuous. The 
gain in weight for the 36 animals after molting showed a normal frequency 
distribution, ranging from 0.3 to 1.0 gram. The average gain in weight 
was 0.6 gram + 0.12 gram (average deviation) for the 32 males and 4 fe- 
males constituting the group. But as is evident from table 1 the increment 
of increase diminishes with increase in size. The average increase in weight 
for 36 Uca pugilator is 30%. Olmsted and Baumberger (1923) reported 
similar figures of 33.9% for 22 Pachygrapsus crassipes, and 44.9% for 19 
Hemigrapsus oregonensis. Drach (1939) found average weight increases 
of 107.5% in Maia squinado, and 73% for Cancer pagurus. 

The first external indication of molting in Uca is a line of separation ap- 
pearing dorsally at the groove between the carapace and the first abdominal 
segment; if the carapace is squeezed gently at this time, its posterior margin 
can be observed to move and overlap partly the tergite of the first abdomi- 
nal segment. Shortly afterwards the line of separation becomes wider 
and the very dark underlying soft integument of the animal becomes strik- 
ingly evident against the light-colored skeleton. When the process has 
reached this stage, completion of the molt normally occurs within an hour. 
If the animal encounters difficulty in freeing itself wholly of the old skele- 
ton, ecdysis may be prolonged; appendages which cannot be readily with- 
drawn may be autotomized, or the animal may succumb with the molt un- 
completed. In the series of 64 animals, 4 died before molting, while the re- 
maining 60 completed ecdysis, with the exception of 2 individuals which 
died when they were unable to remove their chelipeds from the old skeleton. 

The first cases of molting occurred 16 days after eye-stalk removal, and 
at 21 days after this operation 50% of the group had completed ecdysis. 
All except 3 crabs, from which food had been withheld since the 30th post- 
operative day, had molted within 35 days after the operation. The 3 
partly starved individuals molted, respectively, at 42, 53 and 59 days after 
eye-stalk ablation. Four individuals in this experimental series molted 
a second time; the second ecdysis came, respectively, at 21, 24, 24 and 
29 days after the first observed molt; the preceding molts of these crabs 
had occurred at 20, 21, 25 and 21 days after ablation of both eye-stalks. 
None of the 20 control animals had molted at the end of 50 days of observa- 
tion, at which time this experiment was terminated. Smith (1940) found 
that eye-stalk removal in Cambarus shortened the intermolt period about 
30%. The above experiments show a similar shortened intermolt period 
as is indicated by the 4 crabs which molted a second time. Quantitative 
effects, however, could not be studied because none of the normal animals 
molted during the experiment. 

The mechanism for the shortening of the intermolt period through eye- 
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stalk removal has not been incontrovertibly demonstrated. Darby (1938) 
has stated that operative injury appeared to hasten the onset of the ensu- 
ing molt in Crangon armillatus, but Smith (1940) definitely excluded this as 
a general explanation. Smith found that operative removal of the retinas 
in crayfish did not shorten the intermolt period. Furthermore, in the ex- 
periments of Abramowitz and Abramowitz (1940), Smith (1940) and the 
present report, eye-stalkless crustaceans underwent second and third molts 
at intervals long after ‘‘shock”’ effects of operative injury would have worn 
off, the intermolt periods still being shorter than in normal animals. 


TABLE 1 


GROWTH OF UCA AFTER MOLTING 


AV. PER CENT GAIN IN WEIGHT 
AFTER MOLTING AND AV. 


SIZE-CLASS IN GRAMS NUMBER OF INDIVIDUALS PER CENT DEVIATION 
1.1-1.5 8 38.23 +4.18 
1.6-2.0 6 29.83 +7.20 
2.1-2.5 9 24.12+4.38 
2.6-3.0 11 25.30+2.92 
3.1-3.5 2 28.00 +2. 50 


Brown and Cunningham (1939) believed that with removal of Han- 
strém’s sinus gland (through ablation of the eye-stalks) a secretion which 
normally inhibits molting was excluded; and, conversely, that an implant 
of the eye-stalk contents or of the sinus gland by itself into stalkless cray- 
fish would postpone molting activity. But examination of the data in 
their tables I and II shows their evidence to be inadequate. The ratio 
“C% molt/average life-span,” upon which they base their claim for endo- 
crine influence upon ecdysis, is artificial. The average life-spans of their 
animals are 5 days for eye-stalkless controls and 7 days for similar indi- 
viduals into which autoplastic implants of stalk tissue had been made. (In 
their table II, controls and animals with homoplastic gland implants sur- 
vived, on the average, 13 days and 16 days, respectively.) But Smith 
(1940) has shown that for young crayfish the average intermolt period is 12 
days and that after eye-stalk ablation the average intermolt period is 8 
days. Presumably, since Brown and Cunningham used adult individuals 
whose growth rate is slower than that of young crayfish, the intermolt 
period of their animals would be longer than that observed by Smith for 
young animals. It becomes evident, then, that the experimental and con- 
trol animals of Brown and Cunningham did not, on the average, survive 
long enough to complete one intermolt period. While hormonal regulation 
of crustacean molting is possible, there is as yet no conclusive evidence 
available on this subject. It should also be borne in mind that, if the de- 
ficiency experiments of standard endocrine procedure are to be followed 
in this subject, ablation of the eye-stalks not only removes the sinus gland 
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but also the four nerve ganglia present in each stalk. Absence of these 
centers may effect a disturbance of the nervous system (much as decerebra- 
tion among vertebrates removes the higher inhibitory centers) which is re- 
flected in earlier and more frequent molts than in normal individuals. 

Brown (1938) and Brown and Cunningham (1939) reported a viability 
effect in crayfish, regulated by the sinus gland. According to Brown (1938) 
“there is definitely a chemical substance produced somewhere in the cray- 
fish eyestalk essential to continued life in the animal.’’ Abramowitz and 
Abramowitz (1940) found that in eye-stalkless Uca pugilator there was a 
total mortality of 89% in 48 days, thereby apparently confirming in part 
the results of Brown and Cunningham. 

We observed in the present study that the first of our crabs to molt after 
removal of the eye-stalks died because of difficulty in completing the molt; 
the soft, flabby, half-emerged crab hung limply outside its old carapace, un- 
able to withdraw the cheliped and mouth parts from the cast. When suf- 
ficient water was added to the containers to cover the animals to a depth 
about 1 cm. above the carapace, the increased volume of sea water buoyed 
up the molting crab. Thereafter no deaths occurred during shedding of 
the skeleton. The importance of this buoyancy as an aid to molting is 
reflected in the mortality figures for the present study. Of the 64 eye- 
stalkless crabs, 14 had died by the end of 40 days, a death rate of only 
22% for the series; at the end of the same period, 2 of the normal controls, 
or 10%, had died. 

Abramowitz and Abramowitz (1940) found that their experimental mor- 
tality and molting curves were strikingly similar and gave the superficial 
impression that death and molting were related. In the 89% mortality of 
their crabs, 70% occurred during or within one day of molting. In a per- 
sonal communication to the author these two investigators stated that most 
of the deaths of their animals happened during the molting act and recog- 
nized that an inadequate amount of water to support the animal during 
this process might have been a possible cause. This being the case, a mor- 
tality of approximately 20% in the eye-stalkless animals is not sufficient 
to indicate an endocrine control of viability. The results of Brown and 
Cunningham may, in part, have been due to a similar mechanical factor in 
the molting process as well as to high temperature effects. The remaining 
possible explanation is that deaths occur because of the injury of eye-stalk 
removal and the ablation of a not inconsiderable portion of the cephalic 
nervous system. 

Obviously, much more critical experiments are necessary before it can 
be said that molting and viability are under hormonal control. Surgical 
procedure should be limited to the gland suspected of endocrine function, 
instead of the radical removals of ganglionic nervous tissue hitherto con- 


ducted. 
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THE OXIDATION OF ESTROGENS BY PHENOLASES* 
By Mark GRAUBARD{ AND GREGORY PINCUS 


THE PHYSIOLOGICAL LABORATORIES, CLARK UNIVERSITY 


Communicated January 22, 1941 


Several investigations have recently been reported which indicate that 
the native estrogens are acted upon by enzymes. Heller! postulates a 
general tissue enzyme and Westerfeld? has presented evidence that estrone 
is inactivated by tyrosinase. In both cases the evidence is indirect and 
even open to several legitimate objections. In an attempt to examine this 
problem more directly we have studied the oxidation of estrogenic and 
androgenic compounds by observing their oxygen uptake in Barcroft- 
Warburg respirometers in the presence of certain enzyme preparations. 

The main difficulty to overcome was the relative insolubility of these 
hormones. However, estriol and estradiol were found to be readily soluble 
in 60% alcohol and estrone in 80% to the extent of one mg. per cc. Our 
respirometer vessels contain 1 cc. of estrogen in its respective alcohol solu- 
tion, 0.5 cc. of enzyme, 1.3 cc. of M/15 secondary phosphate buffer and 0.2 
cc. KOH in the inner chamber, thus permitting the reaction to take place 
in a 20% or 26.66% concentration of alcohol. 

The enzymes employed were mushroom laccase (Russula delica), potato 
tyrosinase and the cytochrome-cytochrome oxidase system, all prepared 
according to methods previously described (Graubard*). To determine 
whether the alcohol exerted any effect upon the enzyme, control experi- 
ments were performed with tyrosinase and laccase acting upon corresponding 
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amounts of catechol in systems of corresponding alcohol concentrations. 
No inhibition by alcohol of the rate of oxidation of catechol with either 
tyrosinase or laccase was observed. Inhibition by alcohol does occur, how- 
ever, when dilute solutions of these two enzymes are employed. Cyto- 
chrome oxidase, however, was found to be inhibited almost completely in a 
system of 20% alcohol so that under the given conditions it had to be 
omitted and only tyrosinase and laccase could be studied. 

1. Estrogen Substrates—Laccase was found to oxidize estriol, estradiol 
and estrone forming precipitates with all these substrates. In mixtures 
that fail to demonstrate any oxygen uptake, as for instance those to which 
0.01 17 and 0.001 KCN had been added, no oxygen is consumed and no 
precipitate appears. Nor does any precipitate appear in the enzyme alco- 
hol control solutions. Hence the precipitates cannot be due to enzyme 
protein but must be some product of estrogenic oxidation. Their nature is 
now being investigated in our laboratory. 

The curves shown in the figure indicate that the oxygen uptake of estriol 
is equivalent to approximately one atom per molecule of substrate, that of 
estradiol to half an atom and that of estrone toone quarteratom. Strangely 
enough the order of these magnitudes of oxidation corresponds as well to 
the velocities with which the respective substrates are oxidized and to their 
solubilities. 

Moreover, the mixing of the enzyme, which is always kept in the sidearm, 
with the alcohol and buffer in the central chamber, results in volume shrink- 
age since it is performed in a closed system. It is best to open the stopcock 
to re-equilibrate and thus avoid an unnecessary disturbance. 

Solutions of 0.003 V and 0.0003 M KCN inhibit completely the oxidation 
of estrogens while as shown in the figure 0.00001 V and 0.000001 1 KCN 
show partial inhibition. Boiled laccase often shows small and irregular 
absorption of gas but never forms a precipitate. 

No oxidation of any of these substrates was observed with potato tyro- 
sinase. The controls of enzyme, alcohol and phosphate solutions invariably 
were identical with the experimental mixtures of enzyme, alcoholic estrogen 
and phosphate. 


EXPLANATION OF FIGURE 1 (Concluded) 


Curve A-1 represents the oxidation of 1 mg. estrone by laccase. 

Curve A-2 represents the same in a solution of 0.000003 M and A-3 in 
0.00003 M KCN. 

The curves in series B represent the respective reactions of laccase with 
extradiol, and C with estriol. 

Concentrations of 0.003 M and 0.0003 M KCN produce complete inhibi- 
tion. The horizontal lines at the right, marked '/,atom, !/. atom and 1 atom 
indicate theoretical amounts of oxygen if reactions were to involve respective 
atoms of oxygen per molecule of substrate. 
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2. Androgen and Progestin Substrates——The same experimental. pro- 
cedure was followed with dehydro-androsterone, testosterone and pro- 
gesterone as substrates. These substances were dissolved in 80% alcohol 
containing one mg. per cc. resulting, upon addition to the system, in a 
26.66% solution. No oxygen uptake was observed either with laccase or 
tyrosinase, nor was any precipitate formed. 

3. Cytochrome Oxidase.—It was obviously of interest to observe whether 
the cytochrome-cytochrome oxidase system was capable of oxidizing the 
estrogens since this complex shows many features in common with laccase. 
As stated above, however, the amount of alcohol necessary to keep the 
estrogen in solution completely inactivates this oxidase. An attempt was 
therefore made to suspend estriol in lecithin by mixing the two in ether, 
evaporating and dissolving the precipitate in water. While a mixture of 50 
mgm. of lecithin to one mg. of estriol does not keep the latter completely 
in solution, the estrogen thus prepared is readily oxidized by laccase. Also 
cytochrome oxidase acts as usual upon p-phenylenediamine in the presence 
of lecithin in the concentration used here with extrogens. 

Cytochrome oxidase prepared from rabbit heart or liver, from tissues 
both previously washed or unwashed with water, failed to oxidize the 
estrogens suspended in lecithin solutions. This might be taken to mean 
that if these substances are oxidized in the body some dehydrogenase may 
be essential, which these extracts failed to supply. 

The apparent lack of agreement between the results we found and those 
reported by Westerfeld’ is very likely due to the varied nomenclature used 
to designate phenolic oxidases. The mushroom extract he used which he 
designates as tyrosinase in all likelihood contained or was laccase, especially 
since in crude mushroom preparations these two enzymes are always pres- 
ent in varying proportions. With this in mind our results serve as veri- 
fication of his original findings of the action of a phenolic oxidase upon 
estrogens. 

Summary.—Evidence is presented indicating that estrone, estriol and 
estradiol are oxidized by atmospheric oxygen in the presence of laccase but 
not in the presence of tyrosinase. Laccase will not cause the oxidation of 
dehydro-androsterone, testosterone or progesterone. Cytochrome oxidase 
will not cause the oxidation of the estrogens. 


* Aided by a grant from the National Research Council for Problems of Sex. Works 
Progress Administration Project No. 65-1-14-2949. 

¢ Fellow of Finney-Howell Research Foundation. 

1 Heller, C. G., Endocrinology, 26, 619 (1940). 

2 Westerfeld, W. W., Biochem. Jour., 34, 51 (1940). 

3 Graubard, M., Enzymologia, 5, 332 (1939). 
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STUDIES IN MINERAL METABOLISM WITH THE AID OF 
ARTIFICIAL RADIOACTIVE ISOTOPES. VI. COBALT* 


By D. Harotp Copp AND Davip M. GREENBERG 
DIVISION OF BIOCHEMISTRY, UNIVERSITY OF CALIFORNIA MEDICAL SCHOOL 


Communicated January 14, 1941 


The induced radioactive isotopes have provided new and valuable tools 
for the study of mineral metabolism.! This communication is the report 
of a test study to demonstrate the applicability of radioactive cobalt in 
biological investigations. 

Cobalt metabolism holds considerable interest for comparative bio- 
chemistry because of the proximity and chemical association of this element 
to iron and manganese in the periodic table. The relation of cobalt de- 
ficiency to “‘coast disease ’’ “‘pine disease’’* and ‘‘bush sickness’’‘ in sheep, 
and to the “‘salt sickness’’> of cattle in Florida, has indicated that cobalt is 
an essential for the maintenance of health in these animals. 

A supplement of 1 mg. of cobalt per day for 14 days was sufficient to cure 
or prevent the appearance of cobalt deficiency in sheep for a period of 6 
months.* The basal cobalt requirement of cows has been estimated as 1.0 
mg. per day. Ahmad and McCollum® have analyzed a number of food- 
stuffs from various sources, and found a cobalt content varying from 6 to 47 
micro-gm. per 100 gm. of dry weight. No data are available on the cobalt 
requirement of the rat. From the analysis of Ahmad and McCollum it 
may be estimated that rats thrive on diets that supply less than 1 micro-gm. 
per day. 

Larger doses of cobalt have been found to produce polycythemia in many 
species of animals.’)*® With an improved nitroso-R-salt colorimetric 
method, capable of estimating cobalt down to amounts of 0.05 micro-gm. 
of cobalt, it has been found that the bodies of rats on a normal diet contain 
about 5 micro-gm. of cobalt, and that polycythemia develops when the 
cobalt content increases to 40 or 50 micro-gm."! 

Experimental Procedure.—The isotope employed was Co™, with a half 
life of 270 days.!* It was prepared in the Radiation Laboratory of the 
University of California by bombardment of iron with deuterons, according 
to the nuclear reaction: 


oFe® + 1H? —> oCo® + 2on! 


After preliminary extraction of the iron, the radioactive cobalt was 
separated from the residue as potassium cobaltinitrite. This was dis- 
solved in concentrated nitric acid, evaporated to dryness, then redissolved 
in distilled water and 1 mg. each of inert iron and manganese added as 
carriers. By addition of I ml. of 1 per cent silver nitrate in 6 N acetic acid, 
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and 2 ml. of 50 per cent potassium nitrite, the cobalt was again precipitated 
as silver potassium cobaltinitrite. This salt is much less soluble than the 
simple potassium salt, so that the loss in purification was minimized. The 
cobalt was precipitated four times by this procedure, and after the final 
precipitation, no radioactive contaminant was detectable in the filtrate. 
The amount of cobalt was determined colorimetrically, using alcoholic 
ammonium thiocyanate. It was made up as a cobalt chloride solution 
containing 0.1 mg. Co per ml. No non-radioactive cobalt was added at 
any time, so that the specific radioactivity was high, of the order of 5 micro- 
curies per mg. Co. Radioactivity measurements were made with a thin 


EXCRETION OF RADIOACTIVE COBALT 
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The routes of excretion of radioactive cobalt administered orally 
and by intraperitoneal injection. 


copper wall Geiger-Miiller counter, with a scale of eight circuit. Measure- 
ments were sensitive to 0.01 micro-gm. cobalt. 

Two twelve-weeks-old male rats, weighing about 250 gm., were used for 
the experiments. After being fasted twenty hours, they were each given 
10 micro-gm. of radioactive cobalt; one by intraperitoneal injection, the 
other by stomach tube. They were then placed on the stock laboratory 
diet, and the urine and feces were collected separately at regular intervals. 
The animals were sacrificed after 96 hours by anesthetizing with ether, and 
draining the blood by cardiac puncture. The various organs were removed 
and the bone separated from muscle and residual carcass by heating with 
3 M ammonium hydroxide for several days. 

To each sample, 2 mg. of.inert cobalt were added as carrier, and the tissue 
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was dried and ashed at 600° for several hours. The ash was dissolved in a 
small amount of dilute hydrochloric acid, filtered if necessary, evaporated 
to dryness and redissolved in distilled water. The cobalt was precipitated 
as the sulfide by addition of excess freshly prepared ammonium sulfide. 
The precipitate was washed with a small amount of dilute hydrochloric 
acid, dried and the radioactivity measured with the Geiger-Miiller counter. 
The total labeled cobalt recovered was 8.5 micro-gm. (85%) after oral ad- 
ministration, and 9.6 micro-gm. (96%) after intraperitoneal injection. An 
aliquot containing 0.5 micro-gm. Co*, or 5 per cent of the administered 
dose, was treated in the same manner as the analytical samples and was 
used as a standard. 


Results and Discussion. (a) Excretion.—The graphs of excretion plotted 
in figure 1 show that even this minute quantity of cobalt was eliminated very 
rapidly, about 70 per cent being excreted within the first 10 hours, and over 
90 per cent within two days. When parenterally administered, the chief 
path of excretion was the urine, although there was a small but continuous 
elimination in the feces. This is in agreement with the work of LeGoff,'* 
who found that the urine was an important path of cobalt excretion in the 
rabbit. In contrast to cobalt, when radioactive manganese was parenter- 
ally administered,'* excretion took place almost exclusively in the feces. 
The initial elimination of radioactive iron,“ when given intravenously, 
takes place in both urine and feces. 

When the cobalt was given by stomach tube, over 60 per cent was re- 
covered in the feces. The difference between this value and the amount 
excreted in the feces after injection demonstrates that only about half of the 
orally administered cobalt was absorbed. Most of the absorbed cobalt 
was rapidly excreted in the urine. 

After 96 hours, the body retained only 0.46 micro-gm. of the cobalt given 
parenterally, and 0.27 micro-gm. of the cobalt given by stomach tube. 
In the experiments with the ‘‘trace’’ elements, cobalt and manganese, over 
90 per cent of even small doses was eliminated in the first few days, while 
when radioactive iron was given parenterally, only 2 to 8 per cent was ex- 
creted in a comparable period. Evidently the body retains very little of 
the administered cobalt and manganese, and the requirements for these 
elements must be very small. 


(b) Tissue Distribution—The distribution of radioactive cobalt in the 
various tissues is shown in table 1. The amounts present are very small, 
and, in general, conform to values found when large doses of cobalt are fed.1! 
The glandular organs, particularly the pancreas, liver, spleen and kidneys, 
show relatively high concentrations. The pancreas is of particular interest 
because of a possible relation of cobalt to insulin” in this organ. The 
concentration in bone may have some bearing on the polycythemic effect 
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of cobalt. However, the concentrations are so low that the requirements 
of the tissues for cobalt, if any, must be very small. 

Summary.—1. Radioactive cobalt provides an extremely useful tool 
for biological studies of cobalt. The isotope may be prepared with a high 
specific radioactivity, so that doses comparable to the amounts present in 
the diet may be used. 

2. The chief path of cobalt excretion is the urine, in contrast to manga- 
nese, where excretion is exclusively in the feces, and iron, where excretion 
may take place by both paths. 

3. Even after administering a small dose (10 micro-gm.), most of the 
cobalt was quickly eliminated, and less than 5 per cent was recovered in 
the body after four days, indicating that the requirement of the body for 
cobalt is exceedingly small. 


We are indebted to Professor E. O. Lawrence and Dr. M. D. Kamen of 
the Radiation Laboratory of the University of California for the radioactive 
cobalt used in this investigation. 


* Aided by a grant from the John and Mary R. Markle Foundation. Technical 
assistance was furnished by the personnel of WPA Official Project No. 65-1-08-62. 
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THE ISOLATION IN CULTURE OF GRAHAMELLAE FROM 
VARIOUS SPECIES OF SMALL RODENTS 


By Ernest E. Tyzzer 


DEPARTMENT OF COMPARATIVE PATHOLOGY AND TROPICAL MEDICINE, MEDICAL SCHOOL 
OF HARVARD UNIVERSITY 


Communicated February 12, 1941 


A type of organism described in 1905 by Graham-Smith! in the red 
blood corpuscles of the European mole, Talpa europaea, has since been 
found in various other host species. Brumpt? founded the genus Graham- 
ella and gave the name G. falpae to Graham-Smith’s species. For a long 
period there was a notable reluctance on the part of various authorities to 
accept such inclusions in the red cells as actual organisms, but as the result 
of numerous observations and some experimental study, their parasitic 
nature is now quite widely accepted. The following features among others 
have been set forth as characteristic of the grahamellae: situation endo- 
globular, occurring in comparatively few of the red cells of the infected 
animal; the number of organisms in the blood not being markedly increased 
by splenectomy, as is the case in bartonella infections; and resistance to 
arsphenamine which eliminates various bartonella infections in lower ani- 
mals (see Bruynoghe and Vassiliadis*). The natural transmission of 
grahamella, possibly accomplished through the agency of a blood-sucking 
arthropod, has in no case been demonstrated. 

In our native wild rodents grahamellae commonly occur in mixed infec- 
tion with bartonellae of a certain type for which the genus Haemobartonella 
has been created (Tyzzer and Weinman‘). From such mixed infections 
the bartonella in some instances may be isolated in pure strain by the 
inoculation of a foreign host such as the laboratory white mouse, in which 
it may multiply to produce severe infection but in which the grahamella 
fails to become established. In order to isolate grahamella from such 
mixed infections, advantage has been taken of its resistance to arsphen- 
amine which, in the course of repeated injections, eliminates certain rodent 
bartonella infections. The grahamella may then be passed to a clean 
animal of the same species by the injection of a small amount of blood. 
The ease with which grahamella infection has been passed to normal 
animals in the present investigation is notable in view of the difficulties 
reported by earlier workers (Laveran and Marullaz®). This success is ac- 
counted for by the use in the present study of the laboratory-reared young 
of various wild rodents, which appear to be quite generally free of blood 
infections. . 

In the course of various attempts to grow the bartonellae of certain 
small rodents on culture media, a growth was obtained in tubes of the 
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semi-solid leptospira medium of Noguchi,* planted with blood from a 
mixed bartonella-grahamella infection of a deer mouse, Peromyscus leucopus 
novaboracensis. The organism grown, when injected into clean, labora- 
tory-reared young animals of the same species, gave pure grahamella in- 
fections. Following this unexpected result, three additional strains of 
grahamellae have been successfully cultivated from the meadow mouse, 
Microtus pennsylvanicus pennsylvanicus, and one strain from the gray- 
backed deer mouse, Peromyscus maniculatus gracilis. Koch's postulates 
have been complied with in the case of each of the above grahamellae cul- 
tured; the organism isolated in culture from an infected animal has pro- 
duced infection when injected into a clean animal from which later on the 
organism was recovered in pure culture. Another organism closely re- 
sembling the grahamellae cultured from the deer mice was grown from a 
mixed bartonella and grahamella infection in the short-tailed shrew, 
Blarina brevicauda, but as laboratory-reared shrews have not been avail- 
able upon which to test this culture and no other susceptible species found, 
its status as a grahamella is not conclusively established. 

The only obstacles encountered in the way of the isolation of grahamella 
are occasional contaminating bacteria derived from the skin and in one host 
species, a blood infection of a streptobacillus (Haverhillia sp.?). The strains 
of grahamellae cultured have usually been first isolated in the semi-solid 
leptospira medium, although in several instances growth has been obtained 
concurrently on slants constituted of 20 per cent defibrinated blood com- 
bined with a beef infusion, peptone, agar base, prepared according to the 
specifications of the American Association of Medical Milk Commissions, 
Inc.’ Growth in the semi-solid leptospira medium and various of its 
modifications appears first in the form of minute, whitish particles visible 
with the aid of a lens, and often distributed throughout the medium. The 
particles become grossly visible in the primary culture in the course of 
a week or ten days and appear as irregular, sharply defined white masses or 
flakes. These increase in size at times up to 1 mm. in diameter and acquire 
their maximum growth in a layer from 4 to 10 mm. extending to the top 
of the medium. The initial granules often appear to crumble so as to form 
a cloud of satellite granules around the primary ones. In the course of 
subsequent transfers the particulate nature of the growth may be lost 
under certain conditions in some strains so that growth is indicated by a 
milky cloud at the top of the medium. Granules appearing in the primary 
culture doubtless represent colonies each derived from a single infected red 
blood corpuscle. 

In the three strains of grahamella isolated from the vole, the growth 
continues to be particulate in character in semi-solid medium and in dis- 
crete colonies on blood agar slants. The two strains from the two species 
of deer mice and the organism isolated from the shrew tend to form a 
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milky cloud in semi-solid media and to grow in a continuous sheet on the 
surface of blood agar. Such differences are doubtless based on variation in 
the cohesive property of the organisms which, when marked, produces 
dense aggregates with few free individual organisms. The appearance of 
the growth on blood agar slants varies markedly with the content of blood 
in the medium, also with the nature of the inoculum, and probably to some 
extent with other factors. For optimum growth a moist medium with an 
abundance of water of condensation is essential. Growth is obtained at 
room temperature and at 37.5°C. but the temperature of 28°C. has pro- 
vided rapid, long-continued, luxuriant growth. The present study has 
been carried out on media in test tubes sealed with rubber stoppers to pre- 
vent evaporation. The kind of blood employed for blood agar slants does 
not appear important, the various strains growing equally well on sheep, 
rabbit or horse blood. However, differences in the amount of blood pro- 
duces profound effects in the growth cycle so that while agar slants made 
up with 20 per cent blood furnish vigorous colonies which grow for several 
weeks and remain plump indefinitely, slants with 5 per cent blood produce 
colonies which grow for a time but then become flattened and present a 
dry, shriveled appearance. In the three grahamella strains isolated from 
the vole, such regressing colonies become iridescent with the peripheral 
zone presenting a metallic, coppery red color. All strains grow luxuriantly 
in the water of condensation, for a time as colonies or films floating on the 
surface, later falling to the bottom to form an abundant flaky deposit leav- 
ing the fluid unclouded. 

The grahamellae from two species of deer mice and the shrew organism 
ordinarily grow on the blood agar slant in a delicately wrinkled or pebbly 
sheet in which here and there are fairly well-defined elevations, doubtless 
representing colonies derived from aggregates of organisms in the inoculum. 
The three strains from the vole tend to grow in discrete colonies on blood 
agar slants without any tendency to produce continuous layers of growth. 
In these strains of grahamella derived from the vole, colonies growing on 
blood agar slants show great variation in type not only in successive trans- 
fers but often in a single tube. The colonies may be classified as moist, 
translucent, conical; smooth, milky, low, button-like; and opaque, 
abruptly elevated, dimpled or granular. Such marked morphologi- 
cal differences suggested that we might have more than a single species of 
organism in culture or dissociation within a single species. With these 
possibilities in mind, single colonies of each type were successively picked 
and planted through a long series of transfers. No continuity of type was 
obtained but it was found that the nature of the colony depended upon 
the physical character of the inoculum, on the mode of inoculation and on 
slight differences in the medium upon which it was planted. Thus, organ- 
isms dispersed in fluid produced moist conical colonies on a moist medium, 
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but deposited with semi-solid medium on the blood agar slant produced 
opalescent button-like colonies. The deposit of large aggregates or frag- 
ments of colonies furnished opaque, dry, granular or dimpled masses often 
growing to great size. All types of colonies are non-adherent and slip 
over the surface of the slant at the merest touch. The inoculation of semi- 
solid leptospira medium with all types of colonies furnished growths iden- 
tical in every respect. Giemsa-stained films of the various kinds of colony 
showed only a single type of organism. Hence, it would appear that we are 
dealing with pure cultures in all of the strains isolated. 

The organisms of all the culture strains stain rather faintly with such 
dyes as Loeffler’s alkaline methylene blue but are somewhat more clearly 
outlined than is the case with Bartonella bactlliformis. In all there is a 
notable tendency for the organisms to occur in dense aggregates which 
are broken up only with considerable difficulty. This is especially marked 
in the vole strains so that considerable manipulation is necessary to dis- 
perse any notable number of organisms in the making of a film. The 
grahamellae in the vole show little variation in morphology, the elements 
being elongate or sometimes coccoid with the central portion intensely 
stained with Giemsa and the peripheral portion more faintly reddish with- 
out a distinct contour. Large masses of organisms often have a reddish 
hue. The deer mouse strains show greater variation in morphology. The 
organisms when dispersed in the media are more definitely rod-like or coc- 
coid and present a rather sharp outline, but when growing in dense aggre- 
gates they have more the morphology of the vole strains. 

Under darkfield illumination the interior of the organisms is only moder- 
ately bright while the contour is indistinct. No motility has been observed 
and spirals (detached flagella?) such as occur in cultures of the human 
bartonella, B. bacilliformis, have not been found. 

The ease with which grahamellae have been cultivated from the blood of 
various species of rodents is in marked contrast with the usual unsuccessful 
attempts to culture the haemobartonellae of these animals. The possi- 
bility of inapparent or unrecognized grahamella infection may well be taken 
into account in the identification of organisms cultured from the blood of 
rodents with bartonellosis. The grahamellae cultured show certain fea- 
tures in common with Bartonella bacilliformis of the human being, e.g., 
ease of cultivation, peculiarities of growth requirements and character of 
growth, but show neither motility nor spiral elements. While grahamella 
grows in dense masses on artificial media, it is limited in the animal blood 
to occasional red blood corpuscles and in these cells occurs as scattered rods 
and occasional coccoids, such contacts as occur being in forms that have 
presumably just undergone division. In view of the characteristics of 
grahamellae when grown on artificial media, their classification as protozoa 
is no longer tenable and they should clearly be grouped with the bacteria. 
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Their relationships to bartonellae and other blood parasites and the 
peculiar type of infection which they produce should furnish interesting 
problems for future investigation. 
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MECHANISM OF BIOLOGICAL NITROGEN FIXATION. VI. 
INHIBITION OF AZOTOBACTER BY HYDROGEN* 


By ORVILLE Wyss AND P. W. WILSON 
DEPARTMENT OF AGRICULTURAL BACTERIOLOGY, UNIVERSITY OF WISCONSIN 


Communicated January 27, 1941 


A fundamental question in biological nitrogen fixation is whether the 
mechanism of fixation by the free-living Azotobacter is essentially the same 
as that of the symbiotic system (leguminous plants plus Rhizobium). Al- 
though some evidence exists in favor of an affirmative view, e.g., both are 
readily inhibited by combined nitrogen, convincing support has not been 
available. This deficiency arises mainly from a lack of suitable methods 
for defining the properties of the enzyme system concerned in the process, 
a deficiency that the physical-chemical studies of the past decade promise 
to overcome. Wilson and his collaborators,'* for example, have demon- 
strated that molecular hydrogen acts as a specific, competitive inhibitor for 
nitrogen fixation by inoculated red clover plants. Since this reaction of Hz 
with an enzyme system is quite unusual, a like demonstration with Azoto- 
bacter spp. should provide impressive evidence that the symbiotic and 
asymbiotic nitrogen fixation systems are essentially identical. Such a con- 
clusion has important implications for studies on the mechanism of the 
biological fixation processes because, in addition to furnishing information 
on the nature of the responsible enzyme system, it establishes that results 
obtained with either type of fixation system are applicable to both. 

In view of the importance of this conclusion it is desirable that the 
evidence in support be based on as many different types of observations as 
possible. The results discussed in this paper have been obtained in four 
types of experiments involving both macro and micro determinations made 
with representative strains of three species of Azotobacter. It is emphasized 
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that the experiments cited are only examples of many which have been 
made in confirmation and extension of this work. 

Methods.—Cultures of Az. vinelandii, Az. chroococcum and Az. agile were 
grown on the following nitrogen-free media: K2HPQ,, 0.8 g.; KH2PO,, 
0.2 g.; MgSO,-7H20, 0.2 g.; NaCl, 0.2 g.; CaSO,-2H20, 0.1 g.; Fe as iron 
humate, 4 mg.; Mo as NasMoO,, 1 mg.; agar, 1.0 g.; sucrose, alcohol or 
mannitol, 10-20 g. per liter. All cultures were purified by repeated plating 
on the nitrogen-free media; throughout the experiments the cultures were 
tested for purity by staining (Gram), streaking on a peptone nutrient agar 
plate, and inoculating a peptone nutrient broth tube. Contamination may 
frequently be detected in these media since Azolobacter grows very poorly 
in the presence of peptone. The gas mixtures were prepared from cylinder 
gases passed through a purifying chain of H:SO,, alkaline KMnOQ,, distilled 
water and sterile cotton. Unless otherwise noted, the gas mixture had the 
following composition: oxygen, 20 per cent; nitrogen, 30 per cent; argon, 
helium or hydrogen, 50 per cent. The results, however, were not de- 
pendent on the use of a gas mixture of this particular composition as will 
be shown in a forthcoming paper. Details of the technique used in the 
various types of experiments will be supplied under the appropriate head- 
ing. 

Macro Total Nitrogen Experiments.—A stock culture of the organism was 
prepared by inoculating 900 ml. of the medium with 30 ml. of a 24-hour-old 
culture of the bacteria on the same medium. After afew hours’ incubation, 
100 ml. portions were aseptically transferred to sterile liter bottles in the 
center of which was a test tube (24 X 100 mm.) containing 10 ml. of 20 per 
cent KOH. Each bottle was closed with a sterile, gas-tight rubber stopper 
through which passed a gas inlet tube that terminated inside the KOH 
“well.” A sterile cotton filter in the tube also aided in preventing con- 
tamination from the in-coming gas. The desired gas mixture was prepared 
by drawing 18.4 in. of vacuum on the culture, then adding 3.6 in. of O, and 
the remaining gas to atmospheric pressure. The inlet tube was then con- 
nected to a manifold outlet by way of a water seal to prevent the atmos- 
pheres in the different bottles from mixing; the manifold was in turn con- 
nected with a reservoir of pure oxygen. At the start of an experiment the 
manifold and water seals were flushed with oxygen from the reservoir; 
during the test CO. from respiration by the bacteria was absorbed in the 
KOH with a consequent pressure deficit which drew in pure oxygen to 
replace that used in the bottle. Analyses showed that the system main- 
tained the O, at 20 + 1 per cent and that the CO, tension did not exceed 0.5 
per cent. In some experiments no “‘inert’” gas was supplied, but instead 
the cultures were grown under a total pressure of 0.5 atm.; in such cases the 
oxygen was supplied through a trap of mercury 15 inches high. 

Results from four experiments given in table 1 show that the final total 
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nitrogen fixed by two species of Azotobacter is significantly lower when 0.5 
atm. of nitrogen is replaced with hydrogen but is unaffected if helium or 
argon is used. 

Macro Rate Experiments—-As has been previously emphasized," * * 
erroneous conclusions may result if based solely on analyses at the end of an 
experiment. Rate experiments were accordingly made in which periodic 
analyses depicted the effect of hydrogen during the course of the fixation. 
Data from such experiments (table 2) indicate that the observed effect of 
hydrogen does not depend on any particular time of analysis. If these data 
are plotted, it becomes evident that the inhibition by He persists throughout 
the test and is not merely an initial effect which prolongs the lag phase. 


TABLE 1 


COMPARISON OF EFFECT OF HYDROGEN AND HELIUM ON NITROGEN FIXATION BY Azoto- 
bacter (FINAL HARVEST) 


MEAN DIFF. 


TIME NITROGEN NECESSARY FOR 
EXPERI- IN NO. OF FIXED, SIGNIFICANCE,* 
MENT ATMOSPHERE HOURS SAMPLES MG./100 ML. MG. 
1 Air 6.35 
Helium 72 4 6.62 2.00 
Hydrogen 4.00 
2 Air 8.13 
Helium 6 3 8.13 1.67 
Hydrogen 5.47 
3 Air 5.05 
Helium 72 2 5.80 1.67 
Hydrogen 3.10 
4 Air 19.9 
Helium 36 2 19.8 3.77 
Argon 22.3 
Hydrogen 12.9 


Experiments 1-3: Az. agile on ethyl alcohol at 30°C.; 100 ml. 

Experiment 4: Az. vinelandii on sucrose at 30°C.; 25 ml. 

* Po.o; calculated from analysis of variance. pN: = 0.3 atm., pO. = 0.2 atm. when- 
ever helium, argon or hydrogen were used. 


Theoretically, under optimum conditions, the fixation should proceed 
logarithmically. If the Jog mg. N is plotted against time in experiments 
5-7, however, a straight line is not obtained, the final point being too low. 
Investigation revealed that if 25 ml. of culture were used instead of 100 ml., 
so that a thin layer resulted, fixation would be maintained at a logarithmic 
rate sufficiently high to fix 15-25 mg. of nitrogen per 100 ml. in 36-48 hours 
(see experiment 8). This point is illustrated in typical experiments shown 
in figure 1. The slope of the line obtained when log mg. N was plotted 
against time was determined by the method of least squares, and the first 
order velocity constant of fixation, k = 2.303 X slope,f was calculated. 
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The observed difference in the slopes of any two lines was tested for signifi- 
cance by the usual statistical procedure. Slopes significantly different 
from that of the air control were noted only when the abstracted nitrogen 
was replaced with hydrogen. 

The data in table 2 and figure 1 demonstrate two other important results 
of replacing part of the nitrogen in the atmosphere with other gases: (1) 
the rate of assimilation in a given experiment is independent of whether 
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FIGURE 1 


Rate of assimilation of free and combined nitrogen by macro cultures of Azotobacter 
in presence of argon, helium, hydrogen and a vacuum. 

(In experiment 14 the pN2 was 0.2 atm., the pO, 0.05 atm.; in all others the pN2 
was 0.3 atm., the pO., 0.2 atm. Vac. signifies that no inert gas was added; other 
symbols, the indicated gas to 1.00 atm.) 


helium, argon or a vacuum is used in place of the 0.5 atm. of Ne removed; 
(2) the assimilation of NH,NO; is unaffected by He in the atmosphere. 
This second point has already been reported by Burk using the Warburg 
microrespirometer for estimating fixation, but its demonstration for the 
experimental technique used here was believed desirable, since establish- 
ment of this fact leads to the conclusion that the effect of hydrogen is 
specifically concerned with the fixation reaction rather than a non-specific 
effect on general growth processes. 
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TABLE 2 


INHIBITION BY HYDROGEN OF NITROGEN FIXATION By Azotobacter (PERIODIC ANALYSES) 


TIME MG. N FIXED PER 100 ML. 
EXPERIMENT novus AIR HELIUM HYDROGEN 

5 24 1.50 1.52 0.82 

48 6.82 6.00 3.42 

72 7.50 8.12 5.70 
6 24 1.25 1.10 0.80 
48 4.20 4.70 2.30 

72 7.35 6.13 4.17 

7 48 1.83 1.95 1.42 
1.80 1.60 1.33 

96 6.30 7.40 4.08 

7.70 7.10 3.45 

144 10.25 10.65 5.50 

9.45 10.50 6.25 

8 15 3.0 3.0 2.5 

30 8.5 9.5 5.2 

45 19.7 18.6 11.9 

9 17 8.04 8.91 
NH,NO; 22 12.65 12.95 
34 26.7 26.7 


Experiments 5and6: Az. agileon alcohol; 100 ml. 

Experiment 7: Az. vinelandii on mannitol; 100 ml. 

Experiment 8: Az. vinelandii on sucrose; 25 ml.; argon used instead of helium. 
Experiment 9: Az. vinelandii on sucrose; 25 ml.; 28.2 mg. NH,NO;-N/100 ml. 


Microrespiration Experiments.—The technique was essentially that of 
Burk‘ who first demonstrated that nitrogen fixation by Azotobacter might be 
indirectly estimated by observing the increase in the rate of oxygen uptake 
with time. Results from typical experiments are given in figure 2. When 
the log rate O2 uptake (in ul/hr.) is plotted against time, a straight line results 
whose slope can be accurately determined by statistical means. As in the 
macro total nitrogen experiments, values of k calculated from the slopes 
differed significantly only for the cells fixing nitrogen in the presence of 
hydrogen. In contrast, k values for assimilation of NH4NO; were identical 
within experimental error irrespective of the gas used to replace the ab- 
stracted nitrogen. 

The underlying assumption of the microrespiration method is that in- 
crease in uptake of oxygen is a linear function of nitrogen fixation. In 
order to verify this, micronitrogen determinations were periodically made 
on the contents of a series of replicate Warburg flasks during some of the 
respiration trials. One such experiment is illustrated in figure 2. Al- 
though the k values based on the micronitrogen determinations were defi- 
nitely lower than those based on oxygen uptake the conclusions to be drawn 
were unaltered: nitrogen fixation was decreased if hydrogen replaced a 
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portion of the nitrogen in the atmosphere, but no decrease was observed if 
the replacing gas was helium. 

Turbidity Measurements.—Azotobacter was grown in Thunberg tubes 
modified by Tam and Wilson‘ to allow measurement of turbidity in the 
Evelyn electrophotometer. The outlets of each series of triplicate cultures 
were connected with a water seal leading to the oxygen reservoir; KOH for 
absorption of evolved CO: was placed in the hollow stoppers. Readings 
were made every 12 hours; when the cell densities corresponding to the 
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FIGURE 2 
Increase in respiration rate of Azotobacter cultures growing on free and combined 
nitrogen in presence of argon, helium and hydrogen. 
(Points shown are averages of 2 or 3 replicate cultures; k values calculated from 
individual determinations). 


readings were plotted on semilogarithmic paper, a straight line resulted. 
The following & values were obtained with Az. agile on ethyl alcohol: air, 
0.0222; helium, 0.0233; hydrogen, 0.0187. In another experiment Az. 
vinelandii on sucrose gave these values for k: air, 0.0448; helium, 0.0444; 
hydrogen, 0.0363. Statistical tests demonstrated that in each experiment 
the values for air and helium were the same within experimental error but 
that for hydrogen differed significantly from the others. 

Summary and Conclusions.—Results from four types of experiments, in- 
volving both macro and micro estimation of nitrogen fixation by three 
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species of Azotobacter, consistently indicate that Hz acts as a specific in- 
hibitor of the fixation reaction in these species. Azotobacter cultures grown 
in an atmosphere in which the pN2 is reduced to 0.3 atm., the pO» kept at 
0.2 atm. and the abstracted N: either unreplaced or replaced with helium or 
argon, fix atmospheric N» at the same rate as that observed with cultures 
grown in air. If, however, He is used to replace the Ne, a significant de- 
crease is observed in both rate and extent of fixation. Since the symbiotic 
nitrogen fixation system of red clover responds to He in the atmosphere in 
essentially the same manner, it is concluded that the mechanism of nitrogen 
fixation by the symbiotic system is similar, if not identical, with that of the 
fixation system in the free-living Azotobacter. 


* This research was supported in part by a grant from the Rockefeller Foundation. 
Technical assistance on the experiments was supplied in part by workers employed in 
the University’s Works Progress Administration Natural Science Project. 

{ A k value of 0.1 means that the nitrogen content is doubled every 6.93 hours; one 
of 0.05, every 13.86 hours. 
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NOTES ON BINARY STARS. IV. A SOURCE OF SPURIOUS 
ECCENTRICITY IN SPECTROSCOPIC BINARIES 


By THEODORE EUGENE STERNE 
HARVARD COLLEGE OBSERVATORY 
Communicated February 5, 1941 


Introduction.—Centrifugal and tidal forces cause a component of a binary 
star to deviate from a spherical shape, and to have a non-uniform surface 
brightness. The axial rotation of a deformed component, having a non- 
uniform surface brightness, contributes to its spectroscopically observed 
radial velocity. If the contribution is not allowed for, it must render the 
spectroscopic elements systematically erroneous, that are obtained in any 
of the usual manners from the radial velocity. Here we evaluate the con- 
tribution, to the radial velocity of a component of a spectroscopic binary 
star, made by the component’s axial rotation in combination with its dis- 
tortion and with its ordinary and. “gravitational” darkening. Then we 
predict the effect of that contribution upon the spectroscopic orbital ele- 
ments, as they are ordinarily deduced. We leave until another time the 
consideration of the contribution that arises from a combination of the axial 
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rotation with reflection. The latter contribution, additive to the contri- 
bution considered here, has not yet been evaluated. When it shall have 
been determined, we may hope to have a complete theory for the correction 
of spectroscopic orbital elements in which there do not appear to be any 
other obvious sources of systematic error—aside from the errors inherent 
in the difficult task of measuring, accurately, minute Doppler displacements 
of spectral lines that sometimes overlap. 

Tidal Terms in the Radial Velocity.—Consider star 1. Choose a right- 
handed system of axes, X, Y, Z, such that the Z-axis is in the direction of 
the axis of the orbit and the Y-axis is in the direction of the ascending node 
of the relative orbit of star 1. Choose also a right-handed system of rotat- 
ing axes, X", Y", Z” with the Z-axis coinciding with the Z-axis and the X’- 
axis pointing to star 2. The origin, O, of all systems of axes is the center of 
mass of star 1, and thus the angle XOX” is equal to @. As in previous 
Notes, 6 is the longitude of star 1 measured from superior conjunction. 
Thus @ = & + v —90°, where w is the longitude of periastron and v is the 
true anomaly. We shall also need a third system of axes, X’’’, Y’’’, Z’”’, 
not rotating, such that OZ’’’ points toward the earth while OY’”’ coincides 
with OY. 

Star 1 is distorted rotationally with the distortion Y,,,, and tidally with 
the distortions Y,, of Note I.!_ We shall ignore here, as in previous Notes, 
small terms involving the squares and cross products of the different Y’s; 
and thus we can consider as separate and as additive the effects of the dif- 
ferent distortions. A little consideration shows that Y,,, cannot concern 
us, since the aspect of the rotational ellipsoid does not change, as seen from 
the earth, during the motion. The most important distortion to consider 
is Y2, the harmonic tidal distortion of the second order. Unless the stars 
are nearly in contact, the results of Notes I and II* show that the third and 
fourth order harmonic distortions, as well as their effects upon the light, are 
small in comparison with Y2. If the stars were nearly in contact the ex- 
pansions in terms of spherical harmonics would become rather slowly con- 
vergent, and the Y; and Y, harmonics would become relatively and abso- 
lutely important; but then cross products and the squares and higher 
powers of the harmonics would also be important and it would be desirable 
to employ a different type of analysis. Unless the stars are actually or 
nearly in contact the tidal distortion Y2 should have considerably the great- 
est influence upon the radial velocity; and it is Y2 whose effects upon the 
radial velocity we must consider here. If at a later time it should become 
desirable to find the effects upon the radial velocity of Y3 and Y4, they can 
be found by the method of this Note, although the process will involve 
heavy algebra. 

As in Note II, it is best to express the light of an element of surface of 
star 1 in terms of the direction of the outward normal. Let y be the angle 
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between the Z’’’-axis and the outward normal, and let ¢ be the angle be- 
tween the normal and the plane OZZ’'’XX’'"’, so that y and ¢ are the 
spherical polar coérdinates of the outward normal with respect to the axis 
OZ’"’ in the triply primed system. Then to the element of solid angle 
dQ = sin y dyd¢@ of the normal there corresponds an amount of light, as 
viewed from the earth, 


dl’ = J,[1 +5 (4 + Be)| [1 — x + xcos y] [1 — e(4 + Be) cos? 6] cos y dQ 
(42) 


by equation (26) of Note II. All the symbols except ¢ have the same mean- 
ing here asin Note II. The quantity J) is a constant; x is the coefficient of 
limb-darkening; and « is the second order tidal oblateness, equal to three- 
halves of the coefficient of P2 in the expression, (11), for Y2in Note I. The 
symbol #2 denotes the coefficient defined in Note II, and 6 is the angle be- 
tween the normal and the axis OX”. The azimuthal angle ¢ in (42) is 
reckoned from a different plane from the ¢ of Note II, but otherwise has the 
same meaning. The cosines of the angles between the axes X, Y, Z and 
X’", Y'’’, Z'” are given by the scheme 
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and thus the direction cosines of the normal, in the X, Y, Z system, are 


I cos 7 sin y cos ¢ + sin 7 cos y, 
m= sin y sin ¢, (43) 
n = —sinisin y cos @ + cosi cos y. 


Il 


In the same system, the direction cosines of OX” are cos 6, sin 6,0. Thus 


cos 6 = cos @ cos isin y cos ¢ + cos @sinicos y + sin @sin y sin ¢. (44) 


We have next to find the non-orbital radial velocity, observed from the 
earth, of each element of surface of star 1. By multiplying this radial 
velocity by dl’, integrating over the visible surface and dividing by the in- 
tegral of dl’ over the same surface, we shall find the tidal contribution, 6V, 
to the observed radial velocity. The cosines of the angles between the X, 
Y, Zand X", Y", Z” axes are given by the scheme 
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from which the direction cosines, in the doubly primed system, of the direc- 
tion to the earth are readily found to be cos @ sin 7, —sin @ sin 7 and cos 17. 
If w;, as in Note I, is the angular velocity of the matter in star 1 about the 
Z"-axis, then the resulting components of velocity, in the doubly primed 
system, of a point (x”, y”, 2”) on the surface of star 1 are —wyy”, wix” and 0. 
Thus the radial velocity of the point as observed from the earth is 


V’ = w sin i(x” sin 0 + y” cos 8). (45) 


The long axis of the tidal ellipsoid is OX", and we are retaining terms 
through the first order only in «. To this accuracy the equation of the 
ellipsoid is 


M2 


1+ 2 





+ y"?+2"% = oi — *) 


wi 


where a is the mean radius of star 1; and from this it follows that 


a {1 + ela + (1 — LIL 
: : (46) 
y" = of a «(a —e1+L?)|M 


where L, M, N are the direction cosines of the outward normal in the system 
X", Y",Z". From the relationship of the unprimed to the doubly primed 
system of axes, one has 


L 
M 


lLcos 80+ m sin @ 
—Il sin 6 + m cos 8 


(47) 


and from equations (45), (46) and (47) it follows that 


V’ = wa sin {i + 3 om + ¢(2] sin @ cos 8 + m — 2m cos? 6 — 
ml? cos? 6 — 2m*] sin @ cos 6 — m* sin? 6)]. (48) 


Multiplying by dl’, and retaining terms through the first power of ¢, one 
obtains: 
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V'dl’ = 1 ~ 5 (6+ 2) fo sini[1 — x + xcos 7] 
[m — e(4 + Be)m cos? 6 + €(2/ sin 6 cos 6 + m — 2m cos? 6 
— ml* cos? 6 — 2m*] sin 6 cos 6 — m* sin? @)] cos y sin ydyd¢, (49) 


where 1, m, m are given by equations (43) and cos 6 is given by equation 
(44). One has to integrate V’dl’ over values of ¢ from 0 to 2x and over y 
from 0 to x/2. The integration over ¢ causes most of the terms to vanish, 
and leaves one with 


SS V'dl' = 2xaw,Joe sin? i sin 0 cos 0fy"”[1 — x + x cos ¥] 
-[2 cos y — (5 + Be) sin® y cos y] cos y sin ydy 


so 


5x + 3xB, — 8Be 
60 





SS V'dl' = 2xawJoe sin? i sin 6 cos 0 (50) 
which is of the order of «. It is readily found that the integral of dl’ is 
xJo(3 — x)/3 correctly to the zero’th order in «. Thus, by division, one 
obtains for the tidal contribution, 6V, to the radial velocity of star 1 the 
result 


5V = —awg sin* i sin 26f(x, Be) (51) 
where 
f(x, Be) = (882 — 3xBe — 5x)/20(3 — x) 
correctly to the first power of «. Equation (51) may be written 
5V = awe sin? i sin 2u f(x, Be) (52) 


where u, equal to + 2, is the argument of the latitude. 

If there is neither gravitational nor limb-darkening, both #2 and x are 
zero and 6V is therefore zero. That the rotation of an undarkened ellipsoid 
can give rise to no variation of radial velocity has been generally known. 
If 8. is zero and if x differs from zero, so that there is no gravitational but 
some limb-darkening, then equation (52) shows that 5V does not vanish. 
That limb-darkening allows the axial rotation to contribute to the radial 
velocity has not been generally recognized, although it is a consequence of 
the fact, merely, that limb-darkening makes brightest the part of an ellip- 
soid that is closest to the observer. The value of the coefficient of darken- 
ing, x, in the preceding analysis refers to absorption lines and may differ in 
value from the x of Note II, which refers to the variation in surface bright- 
ness outside of absorption lines and at the effective wave-length of the 
photometric measures. The value of x to use here in computing f is the 
value that best represents the dependence of Jw upon the angle of incidence 
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y, where J is the surface brightness at a wave-length close to but outside of 
the absorption line, and where w is the equivalent width of the line. Since 
in practice an average is taken of the Doppler velocities of several absorp- 
tion lines, the proper x to use isa mean x. We shall not enter closely here 
into the value of x, except to point out that f(0, 2) = 0.267 and that f(1, 2) 
= 0.125, so that if @: is 2, f can hardly differ from 0.2 by more than one- 
third, either way. According to Note I, the value of 62 is nearly four for 
the bolometric surface brightness of any reasonably concentrated star, and 
thus neither #, nor f is sensitive to the internal constitution of star 1. The 
value of #2 to use here relates not to the dependence of the bolometric sur- 
face brightness, but to that of Jw, upon the value, g, of surface gravity. 
The value of £2 is given by equation (18) of Note II, and for practical pur- 
poses 82 = 4y where y (as is indicated in Note II) appears to be unity for the 
bolometric surface brightness; but y does not need to be unity for Jw. 

The Influence of the Tidal Term upon Spectroscopic Elements——The 
orbital radial velocity, Vi, of star 1 is given by the equation 


Vi = y + Kecoso@ + K cos u (53) 


in the usual spectroscopic notation, where y is now the radial velocity of 
the binary’s center of mass, e is the orbital eccentricity, u is the argument 
of the latitude of star 1 and K = ya, sin i/(1 — e*)'” where pu is the mean 
motion and a; is the mean distance of the absolute orbit of star 1. To 
terms of order ¢ one has u = L + 2e sin M where M is the mean anomaly 
and L = 6 + Mis the mean longitude; and to this accuracy, equation (53) 
can be written 


YwW=-7vyt+K cos L + Ke sin a sin 2L + Ke cos & cos 2L (54) 


where K = ya; sin 7; and in a perfectly circular orbit the third and fourth 
terms in the right-hand member vanish, leaving only Vi = y + K cos L. 
However, if one takes into account the tidal term 6V given by (52), one then 
obtains 


Vi + 6V = y¥ + Kos L + aue sin? if(x, Be) sin 2L 


where u in (52) has been replaced by L since the orbit is circular, and where 
w, has reasonably been set equal to the mean motion 4. Comparing the 
last equation with (54), one sees that the effect of the tidal term 6V, if not 
allowed for, is to lead the orbit computer to the values @ = 90° or 270° ac- 
cording to whether f is positive or negative, and to 


e = e(a/a,) sin if(x, Be) (55) 


when he attempts, incorrectly, to interpret V; + 5V as though it were 
purely orbital. In terms of the separation, R, this spurious ¢ is given by: 
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a 


e= d—\(1 +7) sin s(x, &) (56) 
(aN . 


where the masses of the stars are m, and m2. The function f is expected 
usually to be positive, yielding the spurious value 90° for the @ of a really 
circular orbit. 

The value of e inferred* from the light-curve of an eclipsing binary should 
be more dependable than the value obtained spectroscopically, and Luyten‘ 
writes, “‘. . . . it is a well-known fact that the eccentricity, as determined 
spectroscopically, usually comes out too high..... ” It is possible that 
the tidal term 6V may explain these discrepancies in large part. A fairly 
good example of such a discrepancy is provided by the eclipsing binary u 
Herculis, for which Luyten‘ finds, from spectroscopic data, that e = 0.047 
+ 0.016 (m.e.) and @ = 83° + 19° (m.e.). According to a recent discus- 
sion by Martin’ of photographic observations by Baker and of photoelec- 
tric observations by Guthnick, Pavel, Baker and Calder, the photometric e 
is not larger than 0.01. If there is a one-half complete gravity darkening, 
Be = 2; and if the value of x for the absorption lines is taken to be 0.5, then 
f(x, Be) = 0.21. From Baker’s photometric elements,® based on a photo- 
electric light-curve, i = 78° and a/R = 0.3. Baker’s value of « is 0.09, 
but he derived this value from the light-curve outside of eclipse by ignoring 
gravity darkening and thus by setting, effectually, both x and #2 in equation 
(27) of Note II equal to zero. If we take the reasonable value 6. = 2, and 
retain Baker’s zero value of x, we must multiply his value of e by 7/3 to 
correct it, and we then obtain e = 0.06. Making use of the spectroscopi- 
cally observed ratio’ m/m: = 2.54 we find from equation (56) that the 
spurious ée for a circular orbit would be 0.013. The spurious @ would be 
90°. The value 0.013 is admittedly a very rough estimate, owing to the 
crudity of the adopted values upon which it depends; but it should be 
correct as to its order of magnitude, which is the same as that of the ob- 
served spectroscopic e. The expected spurious @ of 90° agrees with the 
observed spectroscopic @ to within the latter’s accuracy. It is therefore 
possible to assert, at least tentatively, that the discrepancy between the 
photometric and spectroscopic elements, of u Herculis, is no longer serious. 
What the reflection effect will do here, it is not yet possible to say. 

If the orbit is not really circular, one should expect the spurious, tidal e 
to combine, in effect, with the real orbital e to yield a resultant which may 
be either larger or smaller than the real e. Under suitable conditions, the 
effect upon the radial velocity of a real but small orbital eccentricity could 
be masked completely by the tidal effect. In general, the best way to al- 
low for the tidal 5V appears to be to compute 6V by (52) and correct the 
observed radial velocity by subtracting the computed 6V from it, before 
solving for the spectroscopic elements. ; 
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The essentials of this paper were contained in a talk® delivered by the 
author before a meeting of the American Astronomical Society at Wellesley 
College on September 12, 1940. 

Summary.—The axial rotation of a component of a spectroscopic binary 
combines with its tidal distortion and with its darkening (both ordinary 
and gravitational) to influence the component’s observed radial velocity. 
The amount of the contribution to the radial velocity is computed, for all 
stellar models. It is found that even when an orbit is really circular the 
contribution is usually such as to lead, when not allowed for, to a non- 
vanishing spectroscopic eccentricity and to a longitude of periastron of 90°. 


1 Sterne, Proc. Nat. Acad. Sci., 27, 93-99 (1941). 
2 Sterne, Proc. Nat. Acad. Sci., 27, 93-106 (1941). 
3 Sterne, Proc. Nat. Acad. Sci., 26, 36 (1940). 

4 Luyten, Pub. Minn., 2, 29 (1935). 

5 Martin, B. A. N., 8, 265 (1938). 

6 Baker, L. O. B., 12, 130 (1926). 

7 Baker, Allegheny Pub., 1, 77 (1909). 

8 Sterne, Proc. A. A. S., 10, 68 (1940). 


NOTES ON BINARY STARS. V. THE DETERMINATION BY. 
LEAST-SQUARES OF THE ELEMENTS OF SPECTROSCOPIC 
BINARIES 


By THEODORE EUGENE STERNE 
HARVARD COLLEGE OBSERVATORY 
Communicated February 5, 1941 


Introduction.—In Nete IV we studied! certain contributions, of a non- 
orbital nature, to the radial velocity of a component of a spectroscopic 
binary. We now suppose that the non-orbital part of the observed radial 
velocity either has been allowed for or is negligible, and we concern our- 
selves with the problem of determining the orbital elements from the orbital 
radial velocity. For such determinations the method of least-squares has 
advantages, in general, not possessed by any other method and it has 
usually been employed. Luyten, however, has recently pointed out? that 
the usual type of least-squares solution is not well adapted to orbits of very 
small eccentricity. Here we describe two forms of least-squares solution 
by the use of which one may retain all the advantages peculiar to the 
method of least-squares, while avoiding the difficulty mentioned by Luyten. 

The fundamental and well-known equation for the radial velocity, V, of a 
component of a spectroscopic binary is: 
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V=7+ Kecosw+ K cosu (1) 


where ¥ is the radial velocity of the binary’s center of mass, and e is the 
orbital eccentricity. The argument of the latitude, w + v, is denoted by u; 
w is the longitude of periastron, measured from the ascending node of the 
component under consideration, and v is the true anomaly. The half-range 
in velocity, K, is given by 


K = pa sin i/(1 — e?)'” (2) 


where y is the mean angular motion, 7 is the inclination and a is the mean 
distance of the orbit of the component relative to the binary’s center of 
mass. The value of V for any date can be computed by equation (1) if one 
knows p (or P, the period), K, e, y, # and T (the date of periastron passage) ; 
and it is usual to employ the preceding six quantities as the elements of the 
orbit. The problem in practice is to determine them from the observed 
values of V. For this purpose many methods have been devised, which 
fall into two classes. Some methods, such as Russell’s ‘“‘short’’ method’ 
and the Wilsing-Russell method,‘ aim at direct solutions, while the method 
developed by Schlesinger’ determines, by least-squares, the differential 
corrections to a set of preliminary elements obtained by any direct method. 

To obtain a definitive orbit, there is on general grounds but little doubt 
that differential correction by least-squares is the best procedure. It con- 
sumes but a small fraction of the amount of time that is spent in exposing 
and measuring the spectrogram plates, yet it eliminates all personal bias 
from the computations, it allows one to weight the observations easily and 
correctly and it enables one to find both the set of elements that best 
represent the observations and the mean errors of those elements. The 
usual form of least-squares solution is Schlesinger’s;> the elements that are 
corrected differentially are y, K, w, e, T and y»; and tables have been pub- 
lished® to facilitate the derivation of the necessary coefficients. 

When ¢ is not small, the usual type of least-squares solution encounters 
no difficulties. Luyten, however, has pointed out? that many computers, 
when applying Schlesinger’s method to orbits of small eccentricity, have 
fixed T or w and have thereby obtained misleadingly small values for the 
mean errors of the elements. Luyten thinks that the usual form of least- 
squares solution is not really applicable to orbits of very small eccentricity, 
and that T is not a suitable element, being nearly indeterminate in nearly 
circular orbits. He has replaced T by the date of nodal passage, which 
remains determinate even in the limit of vanishing eccentricity, and, aban- 
doning the method of least-squares, he has carried out numerous redeter- 
minations? of the elements of spectroscopic binaries, by the Wilsing-Russell 
method. 

The author thinks that the fixing of T or w has been a mistake of com- 
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puters rather than an intrinsic defect in methods of differential correction 
by least-squares, but he agrees with Luyten that 7 is not the most suitable 
element for introducing the time, and he proposes instead the general em- 
ployment of the date, 7, at which the mean longitude w + MM is zero, WV 
being the mean anomaly. One may call 7) the ‘“‘epoch of the mean longi- 
tude.” Like Luyten’s date of nodal passage, 7) remains determinate in 
the limit of vanishing e; but 7) lends itself somewhat more readily than 
Luyten’s element to the computation of an ephemeris, and to differential 
correction by the method of least-squares. The mean longitude at date / 
is merely u(t — To). The change that is necessary in Schlesinger’s least- 
squares procedure, to correct Ty instead of T, is small and will be described. 
But when e¢ is very nearly zero, the preliminary orbit is best taken to be 
circular; and then the coefficients of the differential correction to e, in the 
least-squares solution, become indeterminate. Neither the Schlesinger 
procedure nor the modification of it that involves Ty can be applied to a 
perfectly circular preliminary orbit. Therefore another form of least- 
squares solution will later be described that is suitable for orbits of such 
small eccentricity that the preliminary value of e is zero. The two forms 
of least-squares solution are complementary. The first form is suitable for 
all orbits except those having very small e’s; the second form is suitable for 
orbits having very small e’s, and for no others. When it can be used, the 
second form involves considerably less computation than the first. 

The First Form of Least-Squares Solution.—In Schlesinger’s® solution, the 
equations of condition have the form 


6V = +cosu-«x+sinu-r+ asinu-e+ Bsinu-7 + Bsinu 
-(t — T)m (3) 


where 6 V is the observed radial velocity minus the radial velocity computed 
from the preliminary elements, and where 


a = 0.452 sin v-(2 + e cos 2), 


B = (1 + ecos v)?/(1 + e)?, 

T = 6y + ecosw-5K + K cos w-de — Kesin w- du, 

x = 6K, (4) 
x = —Kéw, 

€ 


— Kée/(0.452(1 — e*)], 
Kp[(1 + e)/(1 — e))87, 
m= —K[(1 + e)/(1 — ¢)5"*6n. 
Values of the quantities a and 8 are listed in Schlesinger’s tables 1 and 3 of 


reference 5, while tables of v as a function of VV and of e are available in 


reference 6. 
Now T = Ty + (w/p) where 7» is the date at which the mean longitude is 


zero. Hence: 


be | 
I 
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F 
éT = 8T) + — — du, 
i 


and therefore 
t= 1 — [(1 + €)/(1 — e)5]'"4 + (w/u)m, 
where 
= Kp[(1 + e)/(1 — e))'5T>. (4’) 


The equations of condition for finding the differential corrections to the 
elements y, K, w, e, J) and yu are therefore of the form 


Va Tt coswetsinu(1— BY +e et asinwet 
—e 


Bsin u-t9 + Bsin u-(t — Tom. (5) 


To find the differential corrections to the elements y, K, w, e, Tp and uy, 
by least-squares, it is merely necessary to solve the equations of condition 
of the form (5) for the quantities I’, x, 7, €, 7» and m. 

The equations (5) are almost the same as Schlesinger’s equations (3), and 
the only changes are in the coefficients of + and m and in the replacing of 7 
by 7. The coefficient of x in (5) is readily evaluated as sin u diminished by 
a constant multiple [(1 + e)/(1 — e)5]'” of the coefficient of 7; while the 
coefficient of m is the same as in Schlesinger’s solution except that his (¢ — 
T) has become (¢ — Jy). The tables® * employed in Schlesinger’s method 
should be used. 

As an interesting example of the present least-squares method, the author 
has applied it to the primary component of u Herculis. Baker’s’ normals 
were used, and the adopted preliminary elements were y = —22 km./sec.; 
K = 100 km./sec.; w = 83°; e = 0.05; T) = 1908 July 27.427. The 
period, 27.0510, is known from a longer series and was not varied. The 
definitive elements that were found by the least-squares solution were y = 
— 20.9 km./sec.; K = 99.2 + 1.5km./sec.; w = 85° = 16°; e = 0.056 + 
0.016; T> = 1908 July 2°.422 + 0°.005. Theerrors are meanerrors. An 
unmodified Schlesinger-type solution yielded T = 1908 July 27.904 + 
07.092; the other elements being of course the same for both solutions. It 
will be noticed how much more accurately Ty is determined than 7. Bak- 
er’s solution’ fixed T at 1908 July 27.80 and yielded y = —21.2 km./sec.; 
K = 99.50 + 0.99 km./sec.; w = 66°.15 = 0°.54; e = 0.053 + 0.010 
(probable errors). His probable errors and values agree sufficiently well 
with our mean errors and values for K and for e; but his w differs consider- 
ably from ours and his value of its probable error is much too small. Luy- 
ten, by the Wilsing-Russell method, finds’ the values w = 83° + 19°; 
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= 0.047 + 0.016; T = 1908 July 27.898 (mean errors); these values and 
their mean errors (when given) are substantially the same as ours. 

As pointed out! in Note IV, the numerical values of e and of w are proba- 
bly influenced by non-orbital effects in the observed radial velocity. We 
have not allowed for such effects here because we have wished to compare 
our results with those of Baker and Luyten, who applied no corrections; 
and because the exact values of the corrections could be reached only by 
rather lengthy discussion. 

The Second Form of Least-Squares Solution.—lf e in the preliminary solu- 
tion is allowed to approach zero, equation (5) becomes in the limit 


6V = 6y + K cos w-de + cos u-6K — 2K sin v-sin u-de + 
Ky sin u-5T) — K sin u-(t — To)du. 


Replace u by L, the mean longitude; de by e (the improved value of e, the 
preliminary value being zero); andvby L — w. Then 


5V = 6y + cos L-6K + cos 2L-Ke cos w + sin 2L-Ke sin w + 
sin L-wK67T>) — sin L-(t — To)Kéu. (6) 


Equation (6) is the simple form assumed by the equations of condition 
when the preliminary orbit is circular with the elements y, K, Ty and uy. 
In (6), 6V is merely the observed radial velocity minus the radial velocity 
computed for the preliminary orbit, and the latter velocity is merely y + K 
cos L, where L = y(t — To), and is thus very readily computed. A least- 
squares solution of the equations of condition of the form (6), with appro- 
priate weights, will yield the values of the unknowns (in which K and yp 
have their preliminary values) 5y, 5K, Ke cos w, Ke sin w, uKéTy and Kéuy, 
along with their mean errors. One thus obtains definitive values and mean 
errors for y, K, e cos w, é sin w, Ty) and uw. One may regard these six quanti- 
ties as the elements; or one may go further and find e and w separately from 
e cos w and e sin w. : 

Denote ée sin w by gand ecoswbyh. Denote the mean errors of g and h, 
found from the least-squares solution, by ¢, and by o,. Then if the weight 
of the observations is uniformly distributed along the velocity-curve, g and 
h will not be correlated in the least-squares solution and the mean error, ¢,, 
of e is given by 


a,” = (g’o,? + h?o,”)/e* (7) 
and the mean error, ¢,,, of w is given by 
a,” = (ho,? + g’o,")/e'. (8) 


If the weight is not uniformly distributed, there may be correlation be- 
tween g and h which would render difficult any precise computation of the 
mean errors of the separated e and w. A method of separating ¢ and w and 
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of obtaining their formally correct mean errors, under any circumstances, 
would be to apply a second differential correction by the first method of 
this Note. It is believed, however, that the mean errors found by equa- 
tions (7) and (8) will be sufficiently close to the truth in most practical 
cases to give a good idea of the accuracies of eand of w. It would require a 
most extraordinary distribution of the observations to render the computed 
g, and g,, incorrect as to order of magnitude. 

If the preliminary orbit is circular, and if the improved orbit as obtained 
by solving equations (6) should turn out to have an e larger than about 
0.05, it might be advisable not to regard the improved orbit as definitive, 
and to apply still another differential correction by the first method of this 
Note. The limit could be raised somewhat, perhaps to 0.10, for observa- 
tions not of the highest quality; but it is the special merit of the present 
method that it deals satisfactorily with orbits having very small e’s, and it 
thus remedies the deficiencies of the first method. Whenever ¢ is so large 
as to render the present method of doubtful accuracy (because of the cor- 
rections’ no longer being differentials), the first method is applicable with- 
out difficulty and is the logical method to apply—to a preliminary elliptical 
orbit. 

As an example, the author has applied the second method of this Note to 
Baker’s’ normals of the primary of u Herculis. The example should be of 
interest because the solution by the first method yielded the appreciable 
eccentricity of 0.056. The preliminary circular orbit, to which the second 
method was applied, had the elements y = —22 km./sec.; K = 101 km./ 
sec.; Ty) = 1908 July 27.418. The period, 27.0510, being known from a 
longer series, was not varied. The second method yielded the values y = 
—21.3 km./sec.; K = 99.9 = 1.4 km./sec.; ecosw = —0.003 = 0.014; 
e sin w = 0.053 + 0.014; T) = 1908 July 24.423 + 07.005. From the 
values of e cos w and ¢ sin w one finds e = 0,053 = 0.014; w = 93° = 15°. 
The errors are mean errors. One sees that these elements and mean errors 
are in good agreement with the elements and mean errors that were yielded 
by the first method, which started with an elliptical preliminary orbit. 

I am grateful to Professor Russell for his discussion, by correspondence, 
of the relative merits of some alternative spectroscopic elements. 

Summary.—Luyten has pointed out that the usual form of least-squares 
solution is unsuitable to orbits of very small eccentricity. Two forms of 
solution are presented that enable one to avoid the difficulty described by 
Luyten, while retaining the advantages of least-squares. The first form is a 
modification of Schlesinger’s method, in which the date of periastron pas- 
sage, T, is replaced by the date, 7), at which the mean longitude is zero. 
Schlesinger’s tables can be used. The general use of TJ) as an element, in- 
stead of T, is recommended. The second form is a least-squares solution 
that involves To, e cos w and e sinwas elements. The first form is suitable 
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for all orbits except those with very small e’s. The second form is particu- 
larly suitable for orbits having very small e’s, and is unusually simple. 


1 Sterne, Proc. Nat. Acad. Sci., 27, 168-175 (1941). 

2 Luyten, Minn. Pub., 2, 53 (1936). 

3 Russell, Ap. Jour., 40, 282 (1914). 
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5 Schlesinger, Allegheny Pub., 1, 33 (1908). 

§ Schlesinger and Udick, Allegheny Pub., 2, 155 (1912). 
7 Baker, Allegheny Pub., 1, 77 (1909). 
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ON REAL CLOSED CURVES OF ORDER n + 1 IN PROJECTIVE 
n-SPACE! 


By PETER SCHERK 
DEPARTMENT OF MATHEMATICS, YALE UNIVERSITY 
Communicated January 30, 1941 


We consider curves in real projective n-space R,,. 

We call a curve differentiable at one of its points s if it possesses there 
linear osculating spaces L} = L}(s) of all dimensions p(— 1 < p & n). 
That is: we define L*, as the empty space. Suppose we already have 
defined Lj and postulated its existence. Then we postulate that the linear 
(p + 1)-spaces through L} and a point s’ moving on the curve toward s 
have a limit space which we call the osculating (p + 1)-space L} +1. 

If L%_,(s) has only a finite number of points in common with the curve, 
there exists a one row matrix (do, 41, . . ., 2, -), the characteristic of the point 
s, such that 1° each of the numbers do, ai, . .., @,—; equals 1 or 2, and 2° 
every (n — 1)-space containing exactly Lj lies wholly on one side of a 
sufficiently small open partial arc containing s if the sum ad) + 4; +... + dy 
is even; it cuts it if this sum is odd (p = 1,...,m — 1).? 

If the point s has the characteristic (do, a1, ..., @,-;) and if a subspace 
contains L}(s) but not L}4.(s), we count s as an (a) + a; + .. . + dy)- 
fold intersection of the curve with the subspace. 

Let the sum of the multiplicities of the intersections of a differentiable 
curve with a (m — 1)-space have the maximum m; then we call m the real 
order of the curve. Obviously m 2 n, and the real order of an algebraic 
curve is not greater than its algebraic order. 

A curve K"*"' is a differentiable closed curve of real order » + 1 in R,,. 
It is a generalization of the algebraic curve of order n + 1 with one real 
branch. 

All or all but one of the numbers of the characteristic (do, a), . .., @,—1) 
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of a point of a K**' are equal to one.? In the first case, we call it regular, 
in the second one (m — p)-fold singular if a, = 2. 

The author’s main result may be stated thus: The sum S(K"*') of the 
multiplicities of the singular points of a K"* is <n + land=n + 1 (mod 
2). 

We call a p-space special if 

1°. It meets the K"*'(p + 2)-times. 

2°. No(p— 1)-subspace of it meets the K"*' (p + 1)-times. 

3°. It meets the K”*? in at least two different points (0 < p < n — 1). 

The number of osculating and of certain other special subspaces is finite. 
In some cases, especially for » = 3, the special subspaces and their connec- 
tion with S(K”*') have been completely discussed. 

The K"*" has no special subspaces if and only if S(K”*') =n+ 1. Ifa 
K"*" has a special p-space, it has no more than (p + 1)-fold singular points 
and S(K"*!) < p+ 2. 

The main tool in deriving these results is the continuous transformation 
of the K"*' into itself which correlates to each point of the K"*" the point 
at which its osculating (n — 1)-space intersects the K”*’ again. 

Furthermore the pairs of curves in R,, have been described which meet no 
(n — 1)-space more than (m + 1)-times. They generalize the algebraic 
curves of order ” with two real branches. 


1 Presented to the American Mathematical Society on October 26, 1940. 
2 Scherk, P., Casopis pro pést. mat. a fys. Prague, 66, 165-171 (1937). 


CONCERNING RELATIVELY NON-ALTERNATING 
TRANSFORMATIONS 


By A. D. WALLACE 
DEPARTMENT OF MATHEMATICS, PRINCETON UNIVERSITY 
Communicated February 1, 1941 


Throughout we shall be concerned only with compact (= bicompact) H- 
spaces. Such spaces are, as is well known, normal. Two sets X and Y 
will be said to be separated (symbol: X | Y) if they satisfy the condition of 
Lennes-Hausdorff, X-Y + X-Y = 0. If p,qeS and no point separates 
p + qin S then we write p~ g. A non-degenerate subset C of S will be 
called a chain provided that it is closed, connected and if a, be Canda ~ 
x~bthenxeC. Incase the space is locally connected and metric a chain 
is an arc-set (Ayres!) or an A-set (Kuratowski-Whyburn’). The definition 
we adopt is not essentially different from that of Rad6é-Reichelderfer.* 
One may also cite in this connection a paper of J. L. Kelley. A property P 
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of closed sets will be said to be inductive provided that if each of a simply 
ordered (by inclusion) family of closed sets has property P then so does 
their intersection. A theorem of Moore’ and Zorn‘ states that if a space 
has an inductive property then there is a minimal set having this property. 
We cite this result as MZ. 

If X is a non-degenerate subset of S we denote by C(X) the common part 
of all the chains in S which contain X. If Sis connected (which we always 
assume) it is not hard to see that (using MZ and the normality of S) 

(A) For any non-degenerate X the set C(X) is a chain. 

We suppose that AM = JN is a single-valued continuous transformation. 
The condition of continuity may be expressed by (X | Y)— (A-1X | A-'Y), 
for each pair of subsets X, Y CN." Generalizing a definition of Whyburn® 
we say that AM = N is non-alternating relative to the collection G = [Z] of 
closed subsets of N provided that for no Z e Gdo we have M — AZ = 
U+V,U | V, U- Ay +0 + V-A~, for any yin VN. It is convenient 
to suppose that the sets Z cover N, and if G is the collection of all points of V 
we say (with Whyburn) that A is non-alternating. It is not hard to show 
that A is monotone (A~'Y is connected if Y is connected) if and only if it is 
non-alternating relative to the collection of all closed sets in N. The fol- 
owing result may be regarded as a generalization of results due to 
Schweigert® and Whyburn.® 

(B) If AM = Nis non-alternating, where M and N are compact connected 
H-spaces, then for any set A in M we have C(AA)CAC(A), the sets concerned 
being non-degenerate. 

Before proceeding to a proof of (B) we state the following 

(C) In order that AM = N be G-non-alternating each of the following condi- 
tions is both necessary and sufficient: Jf ZeGand M — AZ = M,+ M2, 
M, | Mz, then 


(C:) AM,| AMz, 
(C2) A—AM; = M;, 12s I, im 


We now indicate a proof of (B). Let X = C(A), Y= AX. Assume 
(what we eventually show is false) that there are points a, be Y and a point 
ye N — Ysuchthata~y~b. We prove that wethenhavea~l. Let 
Yo be the set of all points » such thata ~~ b. The set Yp is closed, 
connected and no point cuts Yo in N. That this is so may be seen from 
arguments similar to those given by R. L. Moore’ and Kelley‘ to demon- 
strate related results. Now the sets X- Aa and X- A~'d are disjoint, 
closed and non-void and it is not difficult to show that the property of being 
a continuum that intersects both of these sets is inductive. By MZ there is 
a minimal set J having these properties and which is a subset of X. Let ¢ 
and d be points contained, respectively, in the sets J- A~'a and J- A~'d. 
Then it may be shown that c + d + (J — A~‘(a + 5)) is connected and 
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hence thatc ~ d. Let [F,] be the collection of all closed and connected 
sets in M such that for each e we have (i) c +d C F,and (ii) Yy C AF,. It 
may then be proved that the property of being an element of the collection 
[F,] is inductive and by MZ we conclude that there exists at least one 
minimal set having properties (i) and (ii). If we denote this set by H we 
can show that no point cuts Hin M. Hence ifxeH we havec~x~d. 
Thus H C X since c + d CX and therefore we have Yy C AH © AX = Y. 
Since y € Yo we have arrived at a contradiction. Accordingly y cannot exist 
and thus C(Y) = Yor C(AC(A)) = AC(A). NowsinceA CC(A), AAC 
AC(A) and C(AA) € C(AC(A)) = AC(A). 

By a prime chain we mean a non-degenerate chain C such that a, be C 
impliesa ~ b. Here again we follow the lead of Radé-Reichelderfer* but 
a prime chain coincides (under suitable assumptions about the space) with a 
simple-link of Moore’ or equivalently an F-set of Kelley. We call such 
chains prime since they contain no non-degenerate proper sub-chains and 
we prefer to place emphasis on chains as structural elements. 

In case the space is locally connected and metric it is clear that prime 
chains agree with the true cyclic elements of Whyburn” who introduced 
this fundamental concept. 

(D) If AM = N 1s non-alternating where M and N are connected then A is 
non-alternating relative to the collection of all prime chains of N. 

That this is not true for all chains may be seen from the following ex- 
ample: Let J be the interval (0, 1) of the X-axis in the plane, Po the origin 
and P,, the point (1/n, 0). For each n let I, I,’ be the intervals of unit 
length perpendicular to the X-axis at P, and, respectively, above and below 
it. Finally let M=IJ+1I)+ Lo’ + [all J, with even] + [all J,’ with 
odd] and for (x, y) « M set A(x, y) = (x, |y|). Then Ais non-alternating but 
the set J which is a chain in N has the property that A~ separates the 
inverse of the point (1, 0) in M@. A proof of (D) may be constructed by 
assuming that Cis a chain in N such that M — A-'C = M,+ Mand M;-- 
A-'y+0,yeN. Since ye N — C we can find a point z such that VN — 3 = 
N, + Ne and ye Ni, C — yONo, MN | Ne. Hence M — A's = A“1N, + 
A—Ne, with A~'yOA-"N, and A“!C — A“yCA-"Ne. Now if we had 
M, | Mz then we would also have M — A~'z = My: A~'Ni + (Mz: AN, + 
A~'N2) with these summands separated, a contradiction. If we assume 
that M and N are locally connected and metric then we may show that if A 
is non-alternating it is non-alternating relative to the collection of all chains 
in N but I am unable to prove this without assuming that M is metric. 
However, we have the following interesting corollary 

(E) Suppose that M and N are locally connected and metric and that A is 
non-alternating. Then if N is a tree A 1s non-alternating relative to the col- 
lection of all sub-continua of N. If M 1s unicoherent the inverse of each A-set 
is a continuum. 
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THE MINIMAL NUMBER PROBLEM FOR BINARY FORMS 
By RuFus OLDENBURGER 
ILLINOIS INSTITUTE OF TECHNOLOGY 
Communicated February 11, 1941 


A. Porges and the author have proved! that for practically every field 
K abinary form F of degree 1 is a linear combination of n or less nth powers 
of linear forms. The minimum number of terms for which F can be ex- 
pressed as such a linear combination is termed the ‘‘minimal number’’ 
m of F for K. Writing F as koagx” + kyux"~*y + ... + k,a,y", where 
the k’s are binomial coefficients in the expansion of (x + y)” we associate 
the matrix A, with F, where 


a @... Ae 
Q, Ge icn'@ 
A, = o+1 
| 
an-« see Ay 


Under addition of a term AL”, L linear, to F the minimal number and each 
of the ranks of the matrices Ao, ..., A, of F change at most by 1. This 
leads us to the following minimal number problem: ‘‘Can the minimal 
number of F be determined from the ranks of the matrices Ay, ... , A, and 
conversely?”’ In this present note we shall give the solution of this problem 
and give also applications of the theory to certain important classical 
problems in the algebra of forms. 

Unless otherwise stated our remarks hold for an arbitrary field with 
characteristic at least m + 1, and containing a sufficiently large number of 
elements. 

1. The Solution of the Minimal Number Problem.—To solve the minimal 
number problem we make use of the theory of solution of the problem of 
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construction of all ‘representations’ (linear combinations of nth powers 
of linear forms) of a given form F, which theory was outlined elsewhere.? 
The form F has the representation 


AL" +... taAL”, o Sn, 


with L;, ..., L, pairwise linearly independent if and only if a certain co- 
variant, called ‘‘associate’”’ F, of F can be reduced to the product LZ; ... L,. 
The associate F, is defined in terms of the matrix A, of F. It is remarked 
that this result gives us the solution of the classical problem of finding all 
forms apolar to a given form F. The smallest value y such that F, # 0 
is termed the minimum associate degree of F. The degree y determines all 
of the ranks of the matrices Ao, ..., A, of F, whence the minimal number 
problem reduces to determining the relation between m and y. 

All of the associates of F can be constructed recursively from F,, by the 
relation F,_, = F,/L, where L is a linear form with parameter coefficients. 
On the other hand, there exists the identity F, = F,G, where G is a form 
of degree p — y with parameter coefficients, valid for p such that m — y + 
1 2 p 2 y, and true for no other values of p. Thus, given F,, we can 
construct F,, form — y + 1 2 p 2 ¥, from the identity F, = F,G, 
where the coefficients in G are parameters. It follows that the minimal 
number m of F is either y or exceeds n — y + 1. By developing the theory 
of derivatives of binary forms we can prove that the associate F,,_,4+2 of 
F can be factored for a choice of its coefficients into distinct linear factors 
when the field of operation is algebraically closed. This type of argument 
yields the solution of the minimal number problem stated in the following 
theorem. 

THEOREM. For an algebraically closed field K the minimal number m 
and minimum associate degree y of a binary form F of degree n satisfy one 
or both of the relations 


m=7,m=n—7yt+2. (1) 


The relations (1) are complete in the sense that a form F can be exhibited 
for each admissible choice of m, n, y, such that F possesses these invariants. 
In view of (1) and the theory of resultants the minimal number depends only 
on determinants associated with F. For fields in general the relation m = 
n — y + 2 must be replaced by m = n — y + 2. 

The degree y satisfies the relation 


y S (n/2) + 1. (2) 


By (1) and (2) the minimal number of F for an algebraically closed field 
determines the minimum associate degree of F. 
2. The Linear Factors of Binary Forms.—We consider the problem of 
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constructing directly from the coefficients of a given form F with linear 
factor L a second form which has L as a factor but no factor distinct from 
L. The solution to this problem lies in the theory of associates since the 
form F of degree n possesses the factor L’ if and only if the associate F,~,+1 
of F can be reduced to L"~'**. It follows that the multiplicities of distinct 
linear factors of F can be obtained directly from the number of times the 
minimal numbers of the associates of F take on the value 1. Thus these 
multiplicities are determined in terms of the vanishing and non-vanishing of 
determinants associated with F. The invariant y of F itself yields a bound 
on the multiplicities of the factors of F. That the minimal number m 
(hence y) is directly connected with the factorization properties of F is 
brought out by the result that the minimal number of a binary form F of 
degree n with a linear factor L repeated exactly 7 times, r = n/2,isr + 1 
for algebraically closed fields. For such fields the minimal number at- 
tains the maximum value n if and only if F = L”~'M for independent 
forms L and M. 

3. Equivalence of Forms.—In a suitably chosen field a binary form F 
can be uniquely (up to constant factors) reduced to a product Z; ... L, 
of linear factors. The form F is equivalent under non-singular linear trans- 
formations for a field K to a second form F’ if and only if F’ can be written 
as L;’ ... L,,’ where the set (L;’, ..., Z,’) is the transform of (Zi, ..., L,). 
We are led to the question: Can we decompose F uniquely into a sum G; + 
... + G, of forms Gi, ..., G, of a simple type such that a second form F’ 
is equivalent to F if and only if it possesses a unique decomposition G;’ + 
... + G,’ where (G,’, ..., G,’) is the transform of (Gi, ..., G,)? The an- 
swer lies in the study of the associate F, of F where y is the minimum 
associate degree of F. If y < (n/2) + 1, for an algebraically closed field 


K the form F, posesses the unique factorization Ly ... L,'* into powers 
of linear forms, and F possesses the unique decomposition 

F = Lf-5t'Q, +... + 2,2°-**'9, (3) 
for forms Q,, ..., Q;. The term Lg transforms non-singularly 


into a term of the same kind. If y = (m/2) + 1 the associate F, contains 
a parameter, and F possesses a finite number of decompositions of type 
(3) with at least one of the integers 1, ...,7, ¥ 1. 

The decompositions of type (3) aid in obtaining solutions of the follow- 
ing problems: 

(1) How do the minimum associate degree y, the minimal number m 
and associates of a binary from F of degree m change under addition of 
AL”, L linear, to F? 

(2) What are the maximal forms of F, that is, forms F + G of maxi- 
mum minimal number such that the minimal number of F + G is the sum 
of the minimal numbers of F and G? 
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Whether or not numbers m and y of F increase by 1, remain invariant, 
or decrease by 1 under addition of AL” to F depends on what type of factor 
L is of F,, if any, and sometimes on the value of X. 

For an algebraically closed field K each binary form F is either of the 
type G, where G = 1," + ... + L,", s is minimal, and this representation 
is unique, or F can be written in a finite number of ways as F = M — G, 
where G is a form as just described and M is maximal. The latter form G 
is not maximal. Non-singular linear transformations on F clearly bring 
and G into like forms. 

4. The Class of Associates.—Whether or not an arbitrarily chosen form 
F, can be the associate of degree p of a form F with given degree m and 
minimum associate degree y depends on the number of parameters 
among the coefficients of F, and on factorability properties of F,. It is 
evident that valuable properties of forms can be obtained by taking these 
forms to be associates of others. 


1 Oldenburger and Porges, Bull. Amer. Math. Soc., 46, 694-697 (1940). 
2 Oldenburger, Proc. Nat. Acad. Sci., 26, 497-499 (1940). 


EXISTENCE, CONVERGENCE AND EQUIVALENCE IN THE 
UNIFIED THEORY OF EIGENVALUES OF PLATES AND 
MEMBRANES 


By NATHAN ARONSZAJN AND ALEXANDER WEINSTEIN 
LONDON, ENGLAND, AND NEw YorK, N. Y. 
Communicated January 27, 1941 


In a previous paper’ one of the authors has shown that the problem of the 
vibrations of a membrane and the problem of the vibrations of a clamped 
(or partially clamped and partially supported) plate are the two limiting 
cases of a sequence of intermediate problems. A similar relation holds 
between the membrane problem and the buckling problem for plates. For 
definiteness we deal here only with the vibration problem of a clamped 
plate. The eigenvalues of the intermediate problems (which were called in 
W the modified problems) give a non-decreasing sequence of lower bounds 
for the eigenvalues \™ (n = 1,2, ...) of plates. The consideration of the 
intermediate problems was of interest because while the differential prob- 
lems of the theory of plates are of the fourth order, the differential equations 
of the intermediate problems are of the second order; moreover their solu- 
tions can be expressed in terms of the solutions of the membrane problem. 

In a note in common? we gave a new formulation for these problems in 
terms of orthogonal projection in Hilbert space. Here we again use this for- 
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mulation for further investigation of existence and convergence theorems. 
Moreover we discuss the equivalence of our variational and differential 
problems with the classical problems.’ 

We denote by S the domain of our plate in the (x, y)-plane and by C its 
boundary. The scalar product of two functions v and w in S will be de- 
noted by (v, w). In order to define the intermediate problems we introduce, 
generalizing the assumptions made in W, an arbitrarily given sequence 


pi(x, y), po(x, y), Sek (1) 
of harmonic functions regular in S and of integrable square in this domain. 
Let us consider for a fixed value of m = 1, 2, ... the following problems 


I (n = 1,2,...). 
Problem I —To find a minimizing function for the expression 


(Aw, Aw)/(w, w) 


among all functions w continuous in S + C, possessing in S continuous 
first and second derivatives and a laplacian Aw of integrable square in S. 
Moreover w must satisfy the following conditions 


w=0O0onC, (2) 
(p,, Aw) = O for k = 1, 2, ..., m. (3) 


The conditions (3) express the orthogonality of the laplacian Aw with re- 
spect to the linear manifold §,, of the harmonic functions spanned by 


Py ..->Pm- For n > 1, w is required to be orthogonal to the solutions of IP 
forj =1,2,...,n —1. The minimum in I™ will be denoted by \®. 


The membrane problem can be considered as a limiting case I” of the 
problems J (™) obtained by canceling the conditions (3) or what amounts 
to the same, by substituting for (3) the condition (po, Aw) = 0, where fp 
is the harmonic function 0 (see W, p. 19). Another limiting case—which 
will be denoted by J“—will play an important part in the present paper. 
The formulation of the Problem I™ can be obtained from the formulation 
of I by replacing the index m by the index everywhere except in (3) 
which has to be replaced by the condition 


(p, Aw) = 0 (4) 


expressing the orthogonality of the laplacian Aw to any harmonic function 
p of the set of all harmonic functions of integrable square in S. We have 
the following inequalities 


xe 21, SCG = 1,2 .:.). (5) 


The classical problem of the vibrating clamped plate will be denoted by J -. 
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It differs from J only in respect to the conditions (4), instead of which we 
have the boundary conditions 


lim w, = lim w, = 0 (6) 


for (x, y) tending to C. In the notations referring to I“ we shall drop the 
subscript © used in J, 

We can formulate now the following results. The existence of the solu- 
tions in J and I can be proved for any domain S in the class © of 
bounded domains of finite connectivity without isolated boundary points. 
Assuming, moreover, that the sequence (1) is complete in 3, we can prove 
that lim \% = \” which is the convergence theorem.2. The convergence 
theorem is valid for the “‘suite privilégiée réguliére’’ (see W, § 14) which is 
complete in 8.4 The convergence theorem remains true if instead of the 
previous assumptions about (1) we postulate that the sequence of the 
boundary values of the p,(x, y) is complete in the class of all functions of 
integrable square on C, provided that S is in the class Go which will be de- 
fined later. In fact, the completeness of the sequence { br} on C implies, 
in this case, the completeness of (1) in S.‘ 

The classical problem J” and the limiting problem J” are equivalent® for 
domains S for which the following property is true: To every harmonic 
function p of integrable square in S and to every positive ¢ there exists a har- 
monic function p continuous in S + C and admitting in S continuous first 
derivatives so that (pb — p, p — p) < €. We denote this class of domains by 
©;. ©, contains the class G) of domains bounded by a finite number of 
simple closed curves, the mean curvature of these curves being bounded 
except for a finite number of angular points, the angles being > 0 and 
< 2x6 

It can also be proved, under the assumption that S is in @;, that every 
solution of the variational problem J is an eigenfunction of the differential 
equation AAw = dw satisfying the boundary conditions (2), (6) and that 
every solution w of the differential eigenvalue problem which is continuous 
in S + C, possessing continuous first and second derivatives in S and a la- 
placian of integrable square in S is a solution of the variational problem J 
for a certain value of the index n. 

The equivalence of the variational problems of the vibrating clamped 
plate can be proved, no matter which of the following ‘‘boundary condi- 
tions” A, B, C, D or E are used, provided that S is in Sp. 

A. w=0,limw, = limw, = 0, (Aw, Aw) < o. 

B. w= Oand the normal derivative dw/dn = OonC, (Aw, Aw) < @, 

C. w= 0onC, dw/dn = 0on C except in a set of linear measure zero, 
(Aw, Aw) < o,? 

D. w=0onC, (Aw, Aw) < ©, (p, Aw) = 0 for all p in $.* 
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E. . w belongs to the class defined in Courant-Hilbert, ‘‘Methoden der 
Mathematischen Physik,’’ II, p. 528. 

Most of the results of this paper have been obtained by the following 
transformation, making available a geometric interpretation of our problems 
in Hilbert space. We introduce the laplacian Aw = f as the new unknown 
function instead of w. In this way we obtain in place of J) and J the 
following variational problems, where Gf denotes the Green’s potential of f:? 

Problem II) [II™].—To prove the existence of a minimizing function for 
the expression (f, f)/(Gf, Gf) among all non-identically vanishing functions f 
of the Hilbert space of all functions of integrable square in S which are 
orthogonal to the subspace f,,{%]. For n > 1 our functions f have to satisfy 
the additional orthogonality conditions (f, GGfY) = 0 [(f, GG) = 0] 
for j = 1,2, ..., — 1, where f [f®] denotes a solution of 7‘? [7). 
It can be proved that the minimum in JJ [JT] is equal to the minimum 
in I” wT) , 

1 A. Weinstein, Thesis, Mémorial des Sc. Math. No. 88, Paris (1937). This paper will 
be referred toas W. Cf. also A. Weinstein, ‘‘Sur la théorie unitaire des valeurs propres 
des membranes et des plaques encastrées,’’ Comptes rendus, Paris, 210, 161 (1940). 

2 N. Aronszajn and A. Weinstein, Comptes rendus, Paris, 204, 96 (1937). 

3 The complete paper of which this is an abstract was intended for publication in the 
Jour. Mathématiques, Paris, but recent events have interfered with this plan. This ab- 
stract was prepared by the second of the authors. 

4 N. Aronszajn, “‘Sur une propriété de la fonction de Green et sur une suite de fonctions 
harmoniques introduites par A. Weinstein.” This paper was intended to be published 
in the Bull. de la Soc. Mathém. de France. 

5 This equivalence theorem can be used to prove a result of Weyl, Fubini, Courant 
and Friedrichs; cf. H. Weyl, Duke Math. Journal, 7, 411 (1940), Lemma 2. 

*N. Aronszajn, Bull. de la Soc. Mathém. de France, 67, 137 (1939). 

7 Cf. a forthcoming paper of N. Aronszajn, ‘‘Recherches sur le potentiel logarith- 
mique.” 

. The condition (4) was first introduced by S. Zaremba, “‘Sur le probléme biharmonique 
restreint,” Ann. Ecole Normale, 26, 337 (1909), in the problem of the bending of a plate. 




















